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 An investigation of place value understanding in year 2 children i
Abstract 
Place value understanding is needed to provide a sound foundation for 
measurement, decimal numbers, percentages, and higher mathematical learning, yet 
many young children have difficulty mastering the place value system. Place value 
understanding has been extensively researched, however there has been little change 
in the number of children who find place value challenging. Prior research has 
investigated place value understanding from developmental and pedagogical 
perspectives. This study investigated children’s place value understanding from the 
perspective of a composite framework which combined Siegler’s overlapping waves 
theory and rational constructivism. A mixed method methodology was used to 
investigate the place value understanding of nine Year 2 children through detailed 
observations of their strategy use in different place value tasks. Children’s strategies 
were compared in place value activities with two and three digit numbers, in both 
canonical and non-canonical configurations. 
Four place value strategies were observed. The sequence strategy, mixed 
strategy and separate strategy were a developmental sequence , and a grouping strategy 
could be combined with any other strategey. These four strategies co-existed in five of 
the nine children in the study, and all children in the study used at least two place value 
strategies. The study confirmed previous research findings that higher levels of place 
value understanding are accompanied by an increased use of the separate strategy and 
a grouping strategy, and found that children who use a grouping strategy are likely to 
use a separate strategy. Children’s strategy use was a more reliable indicator of their 
place value understanding than their accuracy in the shopping task. 
The study found that strategy use allows a more reliable assessment of place 
value understanding than accuracy in place value activities. In the shopping activity 
children were more likely to use more advanced strategies when working with three-
digit numbers than when working with two-digit numbers. Two children changed 
abruptly from using a sequence strategy to using the more advanced separate strategy 
when they changed from two-digit to three-digit numbers in the shopping task. This 
strategy change is discussed from a rational constructivist perspective. 
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Glossary 
Bayesian 
 Of or relating to an approach to probability in which prior results are used to calculate 
probabilities of present or future events.  The Bayesian approach to learning assumes 
that probabilities can be interpreted as “degrees of belief” in inferences made by a 
learner. These “degrees of belief” are updated when new data is encountered, in a way 
that is consistent with Bayesian probability theory, which is based on Bayes theorem. 
(Fulop & Chater, 2013)  
 
Bayes theorem 
A mathematical formula for determining conditional probability named after 18th-
centry British mathematician Thomas Bayes. Bayes theorem provides a way to revise 
existing predictions or theories (prior knowledge) when new data is encountered. 
 
cardinal  
The cardinal value of a number is the value represented by the number. The term 
cardinal can be used to differentiate from a nominal number, where the name of a 
number is not associated with a value.  
 
canonical 
In the context of place value, a canonical representation of a number is one with no 
more than nine items representing any power (e.g. no more than nine ones, nine tens, 
nine hundreds etc. In a non-canonical representation, more than nine items of a 
particular place value size may be present (e.g. 37 made up of 2 tens and 17 ones). 
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conceptual knowledge 
Knowledge of concepts, which are abstract and general principles. Conceptual 
knowledge is flexible and not tied to specific problem types and is therefore 
generalisable. (Rittle-Johnson, Schneider & Star, 2015)  
 
inference 
(1) A conclusion based on evidence and reasoning (dictionary definition). 
(2) An attempt to make sense of available information, based on prior knowledge and 
the available information (a rational constructivist viewpoint). 
  
inductive learning 
Learning based on making generalisations or drawing conclusions based on data, often 
times sparse or a relatively small amount of data (Xu, 2008) 
 
MAB blocks 
MAB (Multibase Arithmetic Blocks) blocks are commonly used as a concrete 
representation of place value. A single unit is represented by a single cube, typically 
with a side of approximately .5cm.  Blocks representing one  ten (ten cubes joined in 
a bar  5cm x .5cm x .5cm), one hundred (a flat ten by ten grid  5cm x 5cm x .5cm), and 
one thousand (a ten by ten by ten cube 5cm x 5 cm x 5cm) are available. 
 
procedural knowledge  
Knowledge of a specific sequence of steps that can be used to accomplish a goal.  
Procedural knowledge is tied to specific problem types and therefore is not widely 
generalisable (Rittle-Johnson, Schneider & Star, 2015).  
 
strategy 
Strategy is defined as ”any procedure that is nonobligatory and goal directed.”(Siegler 
& Jenkins, 1989, p. 11)  This definition is used to make the distinction between a 
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strategy and a procedure. While a procedure may be goal directed,  it may be obligatory 
because there is only one way to achieve the goal. (Siegler, 2006). A strategy may 
involve applying procedural knowledge to solve a problem. 
 
TIMSS (Trends in International Mathematics and Science Study). 
A large-scale international assessment of mathematics and science for students in Year 
4 and Year 8. The assessment takes place every four years with more than 60 countries 
participating in the last (2015) TIMSS assessment. In Australia the Year 4 assessment 
involved 287 schools and 6057 Year 4 students (Thomson, Wernett, O’Grady & 
Rodrigues, 2016). 
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Chapter 1: Introduction 
An understanding of place value is an essential foundation for further 
mathematical learning. It is essential for comparing quantities and understanding the 
relationship between numbers, and is required for almost all areas of mathematics, 
including money, measurement, percentages. It also provides an essential foundation 
for more complex mathematical strands such as algebra (Hurst & Hurrell, 2014). Many 
children in their primary school years do not develop a level of place value 
understanding sufficient to provide a sound foundation to further mathematical 
learning (Seah & Booker, 2005; N. D. Thomas, 2004). Seah and Booker (2005) found 
that fifty percent of children at the beginning of Year 8 (n = 143) were unable to write 
down a number that is ten less than 7003 (a common answer was 6003). The finding 
that thirty per cent of Australian Year 4 children were at or below the lowest 
benchmark in the study in the most recent Trends in International Mathematics and 
Science Study (TIMSS) 2015 (Thomson, Wernert, O’Grady et al., 2016) is concerning. 
It seems likely that poor place value understanding contributed to the Year 4 TIMMS 
2015 results, as whole numbers form a predominant part of the Year 4 TIMSS 2015 
number domain assessment (Thomson, Wernert, O’Grady et al., 2016). Limited place 
value understanding has also been shown to be a contributing factor to low proficiency 
standards in mathematics in Year 8 (Seah & Booker, 2005). 
Understanding the place value system with its multidigit numbers requires a 
significant conceptual shift from counting using single digit numbers. The value of a 
single digit is always constant, but in a multidigit number the value of the digit varies 
with its place in the multidigit number. An understanding of how children negotiate 
the conceptual change required from counting single digit numbers to counting using 
multidigit numbers will contribute to an effective pedagogy for place value 
understanding. The theoretical framework adopted for this study included Siegler’s 
overlapping waves theory (1996) and rational constructivism  (Xu & Kushnir, 2012), 
a learning framework in cognitive science that has not been previously used in 
mathematics education research. A mixed method methodology was used to study the 
relationship between children’s place value strategies and their place value 
understanding.   
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This introductory chapter consists of five sections. Section 1.1 discusses the need 
for further research into the development of place value understanding, and why a 
rational constructivist perspective was chosen for this study. Section 1.2 outlines the 
aims and objectives of the study; and Section 1.3 identifies the significance of the 
study. The rationale for using a mixed method methodology with a convergent parallel 
design is described in Section 1.4, and Section 1.5 concludes this Chapter by providing 
an outline of the thesis.  
1.1 CONTEXT AND BACKGROUND 
The place value system is fundamental to mathematical learning because it 
allows numbers of any magnitude to be compared and arranged in numerical order. 
The Australian Curriculum, Assessment and Reporting Authority Curriculum: 
Mathematics, ACARA (2017) outlines a sequence of increasingly complex place value 
learning outcomes over the first years of school. Children are expected to be able to 
count to 20 by the end of their Foundation (Prep) year (approximately 5 years of age). 
Children then work with progressively larger multidigit numbers in the following four 
years of school; to 100 in Year 1; to 1000 in Year 2, to 10,000 in Year 3, and to 100,000 
in Year 4. The Australian curriculum achievement level for Year 2 includes the ability 
to partition and regroup collections up to 1000 using physical models such as bundled 
sticks or place value blocks (such as Multi-base Arithmetic Blocks (MAB) blocks) 
(ACARA, 2017). While the Australian curriculum emphasises that place value 
learning needs to be accompanied by place value understanding, many children learn 
to successfully partition and regroup without understanding place value concepts 
(Rogers, 2014; Ross, 1986), N. D. Thomas, 2004). 
There has been extensive prior research related to place value understanding. 
This research has included identifying and analysing the conceptual knowledge 
required for place value understanding (Fuson et al., 1997; Fuson & Briars, 1990); 
identifying a developmental sequence for acquiring place value concepts (Baroody, 
Brach, & Tai, 2006; Krebs, Squire, & Bryant, 2003; N. D. Thomas, 2004); and 
developing and testing teaching strategies and learning activities most likely to 
facilitate place value understanding (Beishuizen & Anghileri, 1998; Fuson et al., 
1997). Acquiring place value understanding is known to be a complex process, and 
children may demonstrate different levels of understanding on different place value 
activities, or even at different times in the same activity (Fuson et al., 1997; Price, 
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2001). While more is now known about how children acquire place value 
understanding, the number of children who have difficulty with place value has not 
significantly changed over several decades (Rogers, 2014; Thompson & Bramald, 
2002). This suggests that future research contributions to the development of a 
pedagogy for place value understanding may benefit from a different research 
perspective to those used in previous studies. Two learning theories that may be 
relevant to place value understanding research are Siegler’s overlapping waves theory 
and rational constructivism, which are briefly discussed in the next paragraphs. 
Siegler’s overlapping waves theory (1996) is an empirically based theory to 
describe how variability in strategy use is associated with learning. Siegler (1996) 
identified that children’s strategy use in mathematical tasks is related to their 
understanding, and that identifying the strategies and changes in strategy use can 
provide insights into how children learn. He found that there is considerable variability 
in children’s strategy use, both in comparisons between children as well as within the 
one child in consecutive trials. Children discover new strategies and choose adaptively 
between their available strategies in a variety of contexts, including solving arithmetic 
addition problems, recalling lists of numbers, playing tic-tac-toe, crawling and walking 
down ramps (Siegler, 2007). However children often find it challenging to continue 
using a more effective strategy immediately after it has been discovered. While there 
is a gradual shift towards more frequent use of a more effective strategy, strategy use 
is usually more variable than an orderly step-like progression through increasingly 
advanced strategies, and typically includes temporary regressions to the use of a less 
advanced strategy (Siegler, 2007).  Siegler’s overlapping waves theory suggests that 
children’s place value understanding is related to the strategies they use while engaged 
in place value activities, with more advanced strategies used by children with higher 
levels of mathematical understanding (Siegler, 1996).  
Variability in conceptual learning also features in rational constructivism, a 
theoretical framework for concept and category learning developed in cognitive 
science at the beginning of this century (Gopnik and Wellman, 2012). Like Vygotsky’s 
social constructivism and the cognitive constructivism of Piaget, rational 
constructivism acknowledges that learning requires an active process by the learner. 
Rational constructivism is derived from the observation that learners are often able to 
reach conclusions or make generalisations from information that is often incomplete 
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or mixed with irrelevant information. This observation suggests that learning is an 
inductive process, with the learner attempting to make sense of available information 
by generating multiple possible explanations (Xu, 2008). Each inferred explanation is 
associated with an estimate of the probability (or degree of belief) of its accuracy. 
Variability in learning results from the multiple inferences made while learning, and 
from changes in the probabilities associated with each inference as more information 
becomes available (Gopnik & Wellman, 2012). A key assumption of rational 
constructivism is that while the process of estimating probabilities is usually not a 
deliberately conscious process, the probability associated with each explanation, as 
well as changes in probability estimates over time, are consistent with Bayesian 
statistical analysis. Most rational constructivist studies have been in the field of 
cognitive science, working with infants and young children (Gopnik & Wellman, 
2012) or with adults (Xu & Tenenbaum, 2007). Studies have confirmed that infants’ 
and young children’s integration of prior knowledge and new information is consistent 
with a rational constructivist framework (Xu & Kushnir, 2012, Xu & Kushnir, 2013), 
and adult word learning is consistent with rational constructivism (Xu & Tenenbaum, 
2007). These studies seem to have established that inferences play a key role in 
learning. The inferences that are made vary with the amount of prior knowledge, the 
available information, and how the available information is presented. The term 
“rational constructivism” was coined by Xu (2008), however the term has not been 
universally adopted, and the terms “Bayesian learning” and “probability learning” 
often refer to the same framework. From a rational constructivist perspective, 
children’s understanding of place value develops from the inferences children make 
about multidigit numbers.  
Rational constructivism and Siegler’s overlapping waves theory appear to be 
complementary theories, as both associate learning with variability. Siegler’s 
overlapping waves theory concerns variety in strategy use and rational constructivism 
concerns variety in inferences made while learning. This suggests a possible 
relationship between strategies and inference making. Place value understanding is 
related to place value inferences, and place value inferences are likely to influence 
children’s strategies in place value activities.  Both variety of strategy use and the 
variability of place value understanding have been observed in children as they learn 
about place value (Fuson et al., 1997; Price, 2001).  
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1.2 AIMS AND OBJECTIVES 
The aim of this study was to investigate Year 2 children’s place value 
understanding. Specific objectives were to identify the variety of strategies used in 
place value activities, and the changes in strategy use both within and across activites. 
Applying the rational constructivist lens, strategies were used as an indicator of the 
underlying inferences children make while participating in place value activities. The 
following three questions were addressed in this study.  
1. How accurate are the answers obtained by Year 2 children when they are 
engaged in place value tasks?   
2. What strategies are used by Year 2 children engaged in place value tasks?  
3. How do Year 2 children’s strategies vary with different place value tasks 
and place value variables?  
1.3 SIGNIFICANCE  
Place value understanding is fundamental to mathematical proficiency as it 
provides a foundational level of conceptual understanding for all multidigit 
calculations, decimal values and percentages. Mathematics proficiency is known to 
make a significant contribution to both personal educational attainment levels and 
employment opportunities.(Geary, Hoard, Nugent & Balley, 2013; Mulligan, 2011) 
Mathematical competency levels are of national importance, as higher educational 
attainment is also directly correlated to national economic prosperity (Organisation for 
Economic Co-operation and Development (OECD), 2015). International studies 
indicate that Australian mathematical performance has stagnated for the past ten years.  
The Trends in International Mathematics and Science Study (TIMSS) is a large scale 
international assessment of mathematics and science held every four years for students 
in Year 4 and Year 8.  In TIMSS 2015 more than 60 countries participated, including 
over 16,000 Australian students in Year 4 and Year 8 from 570 schools. Australia’s 
international ranking in the TIMSS 2015 for Year 4 children has declined ten places 
(18th to 28th) with over 30% of Year 4 students at or below the ‘Low international 
benchmark’ (Thomson, Wernet, O’Grady et al., 2016). For Year 8 the number 
increased to 38% of Australian children below the Low international benchmark 
(Figure 1.1). The Low international benchmark is the lowest of four benchmark levels, 
and is below the Australian proficient standard. At this level children have some basic 
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mathematical knowledge, but do not meet the criteria for the intermediate benchmark 
where they can apply basic mathematical knowledge to simple situations (Thomson, 
Wernett, O’Grady et al., 2016). 
Figure 1.1. Diagram of mathematics understanding in a classroom of 25 children, based on TIMSS 
(2015) data. Reprinted from https://theconversation.com/australian-schools-continue-to-fall-behind-
other-countries-in-maths-and-science-69341 by S. Thomson.  
 
Number system knowledge in early childhood years is correlated to mathematics 
achievement throughout schooling (Geary, Hoard, Nugent & Bailey, 2013), and 
children with low mathematical attainment in early school years are likely to have 
limited mathematical proficiency throughout their school years (Aubrey & Godfrey, 
2006). Many children reach high school with limited place value understanding 
(Rogers,2014). As poor place value understanding in the early school years can have 
a significant adverse impact on mathematical achievement in later years (Seah & 
Booker, 2005), research contributing to the development of an improved pedagogy for 
place value understanding may contribute to improved mathematical achievement in 
schools.  
This current study addressed an identified need for further research related to 
place value understanding (Fuson et al., 1997; Geary et al., 2008; Rogers, 2014) by 
investigating the relationship between Year 2 children’s place value understanding and 
their strategy use. Strategy use is a more reliable indicator of place value understanding 
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than accuracy in place value tasks, as children may use rote-learned procedures to 
accurately complete place value tasks (Chan, Au & Tang,2014; Seah & Booker, 2005).  
The focus on strategy use in this study was relevant to the theoretical framework 
adopted for this study, which combined Siegler’s overlapping waves theory (1996) and 
the rational constructivist framework (Gopnik & Tenenbaum, 2007). As both strategy 
use (overlapping waves theory) and inferences (rational constructivism) are related to 
place value understanding, patterns of strategy use can be used as an indirect method 
of identifying the inferences children have made about place value.   
At present there do not appear to be any prior rational constructivist studies in 
mathematics education research literature, and this may be the first time that a rational 
constructivist perspective has been applied to study place value understanding. This 
research used a rational constructivist lens to study place value understanding through 
a detailed investigation of children’s strategy use during place value activities.  
1.4 RESEARCH DESIGN 
In order to achieve the research aims this study employed a mixed method 
methodology with both qualitative and quantitative data relevant to the study of 
strategy use (Siegler, 2006). A convergent parallel design compared place value 
strategy use with accuracy in place value. Children individually completed an initial 
assessment consisting of four assessment tasks, followed by participation in four 
sessions of a shopping task based on studies by Krebs, et al. (2003) and Martins-
Mourão and Cowan, (1998). The shopping task gave children an opportunity to display 
a variety of strategies as they counted their play money. Quantitative data included the 
accuracy of responses to the initial assessment tasks and the shopping task and the 
frequency of strategy use. The qualitative data were the most detailed and consisted of 
observation notes during both the initial assessment and the shopping task, audio 
recordings of child utterances and child self-reported strategies. Individual child 
strategy use was determined by deductive analysis of the data from the strategic 
counting task in the initial assessment and the shopping task. Quantitative and 
qualitative data were merged to investigate strategy use and place value understanding.  
1.5 CHAPTER SUMMARY 
The thesis has five chapters. The current chapter has provided an overview of 
the study. Chapter 2 presents a literature review of the development of place value 
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understanding from a developmental perspective and from a theoretical perspective.  
Chapter 3 discusses the research design and rationale for using a mixed method 
methodology with a convergent parallel design. Results of the study are presented in 
chapter 4, and a discussion of the results is presented in chapter 5 along with 
limitations, future research directions and implications for teaching practice in the first 
years of school.  
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Chapter 2: Literature Review 
This Chapter will present a review of literature relevant to place value 
understanding from two complementary perspectives. The first perspective analyses 
number concepts and the gradual development of place value understanding (Section 
2.1). Children’s typical development of cardinal value understanding and use of 
counting strategies is discussed, including an analysis of two concepts relevant to place 
value understanding; part-whole understanding, and a flexible concept of ten that 
allows a collection of ten items to be counted both as ten single items and also as a 
single larger item composed of ten smaller items. Gaps in the literature concerning 
what is known about place value understanding are identified. The second perspective 
is a broader theoretical discussion of how conceptual understanding might develop for 
any topic, including place value (Section 2.2). Consistent with this perspective, two 
relevant contemporary theories are discussed; Siegler’s overlapping waves theory 
(1996) from mathematics education research, and rational constructivism (Gopnik & 
Wellman, 2012; Xu, 2008) from cognitive science. The overlapping waves theory 
concerns how children develop and use multiple strategies (Section 2.2.1) and the core 
assumption of rational constructivism is that multiple inferences play a key role in 
conceptual learning (Section 2.2.2). The chapter concludes with a summary of the 
literature review together with the implications of the literature review for the current 
study (Section 2.3). 
2.1 PLACE VALUE 
The place value system has been adopted world–wide because it efficiently 
allows the relationship of one number to any other number to be determined without 
resorting to a learned sequential list (other than the initial nine numbers and zero). 
With the place value system it is possible to continue counting indefinitely by reusing 
the numbers 0 to 9 in different positions, using three rules to determine the overall 
value of the number:  
1. The values of each position (place) in a multidigit number increases by a 
power of ten from right to left (e.g. 1000=103 , 100= 102, 10=101);  
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2. The value of each digit is obtained by multiplying the digit value by the 
value assigned to its position in the numeral (e.g. in the number 643 the 6 
represents 600, the 4 represents 40 and the 3 represents 3); and 
3. The total value of the number is obtained by adding together the value 
represented by each digit. 
Most adults are able to use the place value system effortlessly, with a familiarity 
based on long use. This familiarity masks the difficulties the place value system 
presents to children (Ellemor-Collins & Wright, 2011). For children, the development 
of place value understanding is a prolonged and complex process (Fuson et al., 1997, 
Ross, 1986, N. D. Thomas, 2004). Place value understanding builds on children’s 
understanding of basic counting principles, and their understanding of the relationships 
between numbers. This section discusses three main aspects of the development of 
place value understanding. The first subsection discusses the development of early 
counting concepts and skills from the perspective of children’s early understanding of 
counting (2.1.1). The second subsection discusses part-whole understanding, and how 
an understanding of the part-whole concept contributes to an understanding of place 
value (2.1.2). The final subsection discusses the development of children’s 
understanding of place value and the conceptual shift required to develop a concept of 
ten that is an abstract countable entity. In this last section, gaps in the literature are 
identified and the development of place value understanding is summarised. 
2.1.1 Early counting concepts 
Number is an abstract concept (Baroody, Lai & Mix, 2006). Each number can 
be represented by a triad of different representations consisting of the specific quantity, 
the numeral name, and the Arabic numeral for each number. Each of these three 
numerical representations has a two-way relationship with the remaining two number 
representations, as shown in Figure 2.1. As children learn to count they need to 
associate numeral names and Arabic symbols with the quantity represented (English 
& Halford, 1995, Fuson & Briars, 1990, Hatfield, Edwards, Bitter & Morrow, 2008).   
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Figure 2.1. The number triad of different number representations. Adapted from Fuson et al., (1997) 
Three-year-old children typically are able to recite the numerals 1-10 in standard 
order, but at this stage the numeral names have little meaning and counting is usually 
a memorised verbal sequence. These children have not yet learned to map between the 
different representations shown in Figure 2.1. and so do not understand that each 
number represents a unique cardinal value (Le Corre & Carey, 2007). Children 
gradually become aware that there is a fixed relationship between number word, 
Arabic number symbol, and quantity and are able to map between the different 
representations.  This understanding is accompanied by an awareness of five basic 
counting principles (Gelman and Gallistel, 1978) described in Table 2.1.  
Table 2.1. Counting principles identified by Gelman and Gallistel (1978) 
 Principle name Description 
1 One-to-one principle Each item in a collection has a unique number 
tag and is counted only once 
2 Stable order principle The sequence of count names is always the 
same. 
3 Cardinal principle The final count number reached when 
counting a collection represents the total 
number of items in the collection.  
4 Abstraction principle Any collection of items can be counted, 
including heterogeneous mixes and non-
physical entities. 
5 Order-irrelevance 
principle 
The order of counting does not affect the 
cardinal value of a collection of items 
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While Gelman and Gallistel (1978) maintained that these principles were innate 
and intuitively understood by children, there is now a general consensus that each of 
these five principles is learned gradually (Sarnecka & Carey, 2008). An understanding 
of the cardinal principle (i.e. each number represents a unique and specific quantity 
value) develops slowly (Lipton & Spelke, 2006). Preschoolers may be able to 
consistently “count” a collection of six items using the correct count sequence, but 
they may not realise that the purpose of counting is to find the cardinal value of a group 
of items. Children without cardinal understanding do not realise that there is a 
consistent relationship between adjacent numbers such as five and six, with six always 
representing a quantity greater than five (Siegler, Fazio, & Pyke, 2011). A small 
number of children are unable to say what number comes after another without 
counting from one when they begin school (Ginsburg & Baroody, 2003, as cited in 
Baroody, Eiland & Thompson, 2009, p. 83). This finding indicates that some children 
who can correctly count with one-to-one correspondence may be relying on procedural 
knowledge to count without conceptual knowledge of the purpose of counting. 
Knowledge is often categorised as either procedural knowledge or conceptual 
knowledge to differentiate between knowledge that involves a learned process (“what 
to do”) and knowledge that involves understanding (“why it works”). Procedural 
knowledge is defined as “knowledge of procedures” (Rittle-Johnson, Schneider, & 
Star, 2015, p. 588) where procedures are “a series of steps, or actions done to 
accomplish a goal” (Rittle-Johnson et.al, 2015, p. 588). Conceptual knowledge is 
defined as “knowledge of concepts, which are abstract and general principles” (Rittle-
Johnson et.al, 2015, p. 588). Conceptual knowledge is often the more highly regarded 
of the two, as it is more flexible and adaptable to new scenarios, although it may 
initially take longer to learn. Procedural learning is usually acquired relatively quickly 
by imitation but is less adaptable to novel situations and is more error prone.  
While these two types of knowledge are often contrasted against each other, they 
can be thought of as a continuum rather than a dichotomy (Rittle-Johnson & Alibali, 
1999; Rittle-Johnson, Schneider & Star, 2015). The relationship between procedural 
and conceptual knowledge is complex, as procedural knowledge can contribute to 
conceptual knowledge, and vice versa (Rittle-Johnson & Koedinger, 2009, Ritttle-
Johnson, Siegler & Alibali, 2001). Children’s early counting knowledge is initially 
acquired by copying the procedures others use to count, however this procedural 
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knowledge provides a foundation for later conceptual knowledge, such as the insight 
that the next number in a count sequence represents one more item than the previous 
number in the count sequence. Place value understanding requires a considerable 
amount of conceptual knowledge; however children struggling with place value 
concepts are often overly reliant on procedural knowledge, as will be discussed in a 
later section on place value (Section 2.1.3). Children with place value understanding 
understand the base 10 structure of the place value system, where ten units in one 
column equals one unit in the left adjacent column. They also understand that the value 
of a digit in a multidigit number is determined by both the cardinal value of the number, 
and the place of the number (i.e. a 3 in the tens column means 30, 3 in the hundreds 
column means 300), and that value of the number is the sum of the values in each place 
of a multidigit number.   
Early counting skills provide the foundation for place value understanding, so it 
is important that each child’s conceptual understanding of counting and cardinality is 
accurately assessed. Children’s understanding of cardinal value is frequently 
determined based on their ability to count items using one-to-one correspondence 
(Fluck, Linnell, & Holgate, 2005). This can result in an over-estimation of their 
understanding, as many young children repeat or emphasise the last count word said 
when asked to count a collection without realising that it represents the cardinal value 
for the group of items (Fluck et al., 2005). A more accurate assessment of children’s 
numerical understanding is the Give-N task (Wynn, 1990), where the child is asked 
for a small number of items (N) from a larger group of available items. In the Give-N 
task children consistently present the correct number of items for numbers that they 
understand, but will present a random larger number of items for numbers that they do 
not understand. For example, a child who understands the numbers one and two but 
does not understand what “three” means will correctly present one or two items when 
requested, but will present any random number of items more than two when asked for 
three items.  
Both adults and children can accurately and rapidly recognise how many items 
are in a small group without consciously counting, using an ability known as 
“subitising”. Adults can subitise up to four or five items and preschool children can 
subitise up to three or four items (Fluck et al., 2005). Children’s ability to present up 
to four items when asked is initially based on subitising the quantity of items rather 
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than counting them, and this subitising is thought to help children understand what is 
meant by cardinal value. Children learn the meanings of “one”, “two”, “three” and 
“four” in sequential order, with a considerable period of time between each number 
(Le Corre & Carey, 2007).  Typically children reliably give one item in the give-N 
task  when asked for one (referred to as one-knowers) when they are 2½ - 3 years old 
(Sarnecka & Carey, 2008). Once children can reliably present four items when asked 
(four-knowers) they usually quickly progress to being able to use the count sequence 
to identify larger numbers, typically when they are 4½ years old (Sarnecka & Carey, 
2008). Children who are able to correctly present any larger sets of items within their 
count range are frequently referred to as CP-knowers, where “CP” stands for Gelman 
and Gallistel’s counting principles (Le Corre & Carey, 2007) as listed in Table 2.1. 
Children’s rapid progress from being a four-knower to a CP knower who can correctly 
return any number within their counting range seems to occur when children make the 
generalisation that counting is used to determine the cardinality of a set (Le Corre & 
Carey, 2007; Wynn, 1990). The process by which children may make this 
generalisation is discussed in the section on rational constructivism (Section 2.2.2).  
Although CP-knowers are aware of the relationship between the count name 
sequence and the cardinal value of a collection of items, their numerical understanding 
at this stage is still limited (Nunes, Bryant, & Watson, 2009). For numbers to be 
meaningful, children need to acquire the insight that the number system makes it 
possible to compare numbers and identify the relationship between numbers (Nunes et 
al., 2009).  This includes knowing that numbers later in the count list represent larger 
quantities than numbers earlier in the count list, and that the difference in quantity size 
can also be precisely represented by a number. This understanding seems to start with 
an awareness of the general principle that the next number in a count sequence is one 
more than the current number. This principle is referred to by various names, including 
the number-after or n+1 rule (Baroody, 1995), the successor principle (Sarnecka & 
Carey, 2008), and the later-greater principle (Le Corre, 2014). The number-after rule 
(Baroody, 1995) is used in this thesis. The ability to generalise the number-after rule 
seems to contribute to a broader part-whole understanding that a two smaller numbers 
can be added together to make a larger number (Nunes et al., 2009).  
Children typically progress through a sequence of counting strategies as they 
learn to combine smaller numbers into a larger number. The simplest strategy for 
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combining two quantities is counting-all (Baroody & Tiilikainen, 2016), starting from 
one with the first addend and continuing until both addends have been counted.  To 
find the total of 4 + 3, children who count-all count each item in both groups as though 
they were one larger combined group by saying 1, 2, 3, 4 followed by 5, 6, 7. As they 
become more proficient with numbers children transition to a more efficient counting-
on strategy (Baroody & Tiilikainen, 2016), starting with the known cardinal value of 
the first number to be added and continuing on until the second number to be added 
has been counted (Langhorst, Ehlert, & Fritz, 2012). Children who count-on realise 
that they do not need to recount the first group of items, and can find the total of 4 + 3 
by saying the cardinal value of the first addend (four), and continue by saying 5, 6, 7 
(as described in Table 2.2).  
Children’s use of a counting-on strategy is often interpreted as an indicator that 
children have part-whole understanding, however Martins-Mourão and Cowan (1998) 
made a distinction between continuation-counting and count-on. In continuation-
counting, children are able to count starting from any number within their counting 
range, rather than needing to always start their count from one. Martins-Mourão and 
Cowan considered that continuation-counting is a precursor to counting-on, and does 
not require part-whole understanding. Part-whole understanding is integral to the place 
value understanding that the cardinal value of a number is equal to the sum of the value 
of each place in the number (e.g. 534 is equal to the sum of its three place value parts, 
500, 30 and 4)   
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Table 2.2. Counting Strategies 
Strategy name 
Typical counting sequence to combine a group 
of 4 with a group of 3 
 
Counting-all 
 
Count each item in both the first and second 
group as though they were one combined group, 
by saying 1, 2, 3, 4, 5, 6, 7. 
(Unable to find the total number of items 
without counting from 1.) 
 
Continuation-counting Able to say the numbers in the correct sequence 
starting from a given number other than 1 (e.g 
start counting from 4).  
 
Counting-on Starting the count from the known cardinal value 
of the first group (4) and then counting the items 
in the second group, by saying 5, 6, 7.  
 
  
 
2.1.2 Part-whole understanding 
Place value requires the insight that any number can be composed of smaller 
numbers. Part-whole understanding is the recognition that numbers can be combined 
to make a larger number and that a smaller number can be taken away from a larger 
number (Baroody, Brach & Tai, 2006; Nunes et al., 2009). At a more abstract level, 
part-whole understanding can be generalised to the key understanding that there are 
fixed relationships between numbers (Nunes & Bryant, 2010) (e.g  seven is always 
three more than four). Part-whole understanding is particularly relevant in place value, 
as the whole value of the number is made up of the part values represented by each 
place in a multidigit number. When children first start working with 2-digit numbers 
they are aware of the total value of the number, but they are not aware of the part 
values present in the number (Fuson et al., 1997; Ross,1986). Adults recognise that 26 
equals two tens (twenty) plus six. For children, 26 is a big number that comes after 25 
and before 27 (Fuson et al. 1997). When children first learn to decade count (ten, 
twenty, thirty, forty…) they do not associate decade counting with repeatedly adding 
ten to a smaller number to make a larger number (Steffe, Cobb & von Glaserfeld, 
1988). These children do not realise that the decade numbers indicate the number of 
tens in the decade number (i.e. there are four tens in forty). 
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Use of the count-on strategy is widely accepted as an indicator of beginning 
development of the part-whole concept (Baroody & Tiilikainen, 2016; Fuson & Fuson, 
1992; Nunes & Bryant, 1996). A task used to assess part-whole understanding in the 
context of place value understanding is the shopping task (Krebs et al., 2003; Martins-
Mourão & Cowan, 1998) where children use a combination of tokens with values of 
one, five, and ten to purchase items. Each purchase required a combination of tokens 
with different values. As the larger denominations make up part of the price of the 
item, children need part-whole understanding to recognise that larger denomination 
tokens can be part of the total price for an item. Children who can count-on from a 
larger denomination without recounting up to the value represented by the larger 
denomination are considered likely to have part-whole understanding (Nunes & 
Bryant, 1996). Shop items are priced such that tokens of different values need to be 
combined to make a purchase. Children can use different strategies to combine the 
different value tokens, and their strategy use can reflect their part-whole understanding 
and their place value understanding.  A similar shopping task activity was used in this 
study to investigate strategies used by Year 2 children (7-8 years of age) to combine 
hundreds, tens and ones. 
Krebs, et al., (2003) found that 5- and 6-year-olds were better at combining tens 
and ones than they were at combining fives and ones, and that children could count-
on from ten before they could count-on from five. They reasoned that children found 
it easier to work with tens because they had already acquired an elementary 
understanding of the repeating numeral pattern in the place value system, and this 
knowledge then scaffolded their part-whole knowledge. This led to their conclusion 
that place value understanding preceded part-whole understanding.  
By contrast, Martins-Mourão and Cowan (1998) found that 5- 6-  and 7-year-
olds (n = 152) were equally successful at combining tens and ones in the shopping task 
as they were with fives and ones They found  that some children (4 to 7 years) could 
count-on but lacked an understanding of the part-whole concept. Martins-Mourão and 
Cowan found that continuation-counting was more highly correlated to success in the 
shopping task than part-whole understanding. They concluded that some children’s 
ability to count-on was achieved by continuation counting, which does not require 
cardinal value understanding or part-whole understanding. The finding of Martins-
Mourão and Cowan (1998) suggests that it is difficult to precisely describe the 
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relationship between part-whole understanding and the use of a counting-on strategy, 
making it difficult to identify the relationship between counting-on and place value.  
Saxton and Cakir (2006) considered that counting-on was procedural 
knowledge, and found that children (n = 90, age 5-6 years) were almost three times 
more likely to accurately represent multidigit numbers with place value blocks after a 
brief period of training in counting-on. Saxton and Cakir’s (2006) interpretation of 
their findings was that place value understanding followed on from procedural training 
in counting-on. 
As noted earlier, counting-on is usually taken to mean that part-whole 
understanding is present. The findings of Krebs et al. (2003), Martins-Mourão and 
Cowan (1998), and Saxton and Cakir (2006), for 5-to-7-year-old children are 
summarised in Table 2.3. Collectively, they indicate that while part-whole 
understanding and place value are clearly related, the nature and the direction of the 
relationship between place value and part-whole is unclear.  
Table 2.3.  
Shopping Task Findings Summary 
Study Finding 
Martins-Mourão and 
Cowan (1998) (n = 152, 
age 4-7 years) 
 
• no difference combining tens with  ones or fives 
with ones 
• some children who can count-on do not 
understand place value 
• use of continuation counting a better predictor 
of shopping task activities than ability to count-
on 
Krebs, Squire and 
Bryant (2003) (n = 51, 
age  5-7) 
• easier to combine tens with ones than it is to 
combine fives with ones 
• place value understanding (in shopping task) 
improves part-whole understanding  
Saxton and Cakir (2006) 
 (n =  97, age 6-7 ) 
 
• counting-on training improves  place value 
understanding (using blocks) 
 
Children frequently use different strategies at different times and often regress 
from a more advanced strategy to a less advanced strategy (Siegler, 2007; Siegler & 
Jenkins, 1989).  The studies of Martins-Mourão and Cowan (1998), Krebs et al., (2003) 
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and Saxton and Cakir (2006) aggregated the data on children’s strategies at an 
individual level, and aggregated data may mask individual changes in strategies 
(Siegler, 1987). At times children may fail to use counting-on even when they have 
the strategy available (Martins-Mourão & Cowan, 1998). This inconsistent strategy 
use at different times and circumstances may have contributed to the different findings 
of Martins-Mourão and Cowan (1998), Krebs et al., (2003) and Saxton and Cakir 
(2006).  
2.1.3 Place value understanding 
The development of place value understanding is a prolonged process requiring 
several years (Fuson et al., 1997). This section has a review of research findings about 
the development of place value understanding.  It includes a discussion of the more 
abstract understanding of ten required in place value understanding compared to the 
understanding required to count ten items. This is followed by a discussion of place 
value representations currently used in classrooms, and concludes with a summary of 
the development of place value.   
Development of place value understanding 
Various attempts have been made to categorise or classify the development of 
children’s place value understanding (see Price, 2001 for an overview). The 
classification systems of Ross (1989) and Fuson et al., (1997) are briefly presented 
here to highlight the similarities and differences between the two classification 
systems.  Ross (1989), proposed  five developmental stages of understanding based on 
a synthesis of previous empirical research and her own observations of children in 
Years 2 to 5 (n = 60) engaged in a range of place value tasks.  A summary of Ross’s 
developmental stages is presented in Table 2.4. Ross noted that Stage 3, the face-value 
stage, may be fairly persistent as it is sufficient for success on many tasks. Children at 
the face-value stage can say there are five tens in a number, but do not recognise that 
five tens is fifty, and will say that the five in fifty represents five items. Ross found 
that some children were unable to count non-canonical configurations (i.e.mixed 
denomination collections with more than nine items in one or more denominations,  
e.g. 37 made up of 2 tens and 17 ones). These children were not able to regroup the 
non-canonical configuration to a canonical one (3 tens and 7 ones), and Ross 
considered that these children were usually at a face-value level of understanding. 
Implicit in Ross’s developmental stages is an assumption that children progress 
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through a regular sequential developmental sequence from level 1 (whole numeral) to 
level 5 (understanding).  
Table 2.4. 
Developmental Stages of Place Value Understanding (Ross, 1989). 
 Stage Description (of 52) 
1 Whole numeral 52 represents the whole amount and the individual digits 
have no meaning 
2 Positional property 5 is in the tens place and 2 is in the ones place 
no value associated with each digit 
3 Face value 5 represents five items and 2 represents two items. 
(leaving 45 items unaccounted for). Children may verbally 
label the 5 as 5 tens, but do not realise it means a multiple 
of ten. 
4 Construction zone Early understanding that the 5 represents 50, but 
knowledge is tentative and unreliable 
5 Understanding 52 = 50 + 2 or 40 + 12  can partition in non-standard ways. 
Understanding is easily demonstrated and performance is 
reliable. 
 
Fuson et al. (1997) developed a classification system of place value 
understanding focused on conceptual structures rather than developmental levels. The 
terms “mental representation” and “conceptual structure” are frequently used in 
mathematics education literature to refer to the understanding of a concept present at 
a particular time (Price, 2001). Five different conceptual structures used by children 
when working with multidigit numbers were identified and referred to collectively as 
the UDSSI Model, an acronym from the first letters of each named conceptual structure 
(Table 2.5). Each of these conceptual structures is identified by an associated counting 
strategy. While the conceptual structures in the UDSSI model are presented as 
progressively sophisticated levels of place value understanding, Fuson et al., (1997) 
noted that the development of children’s place value understanding is not stage like, 
as children show different levels of understanding depending on the type of task and 
the numbers involved. A similar observation was made by Price (2001) following a 
place value study with Year 3 students (n = 16) when he concluded that “children’s 
place value thinking often defies researcher’s efforts to place it on a stage or level-
based scheme” (Price, 2001, p. 207).   
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Table 2.5.  
UDSSI Model of Place Value Strategies  
 Name Strategy 
U Unitary All numbers have unit values only. There is no 
grouping of numbers 
(one, two, . . . fifty-three) 
 
D Decade-and-ones Unit values are correctly sequenced after decades, 
but decade sequences are in random order  
(twenty-nine, fifty, fifty-one,..., fifty-nine, thirty, thirty-
one,..., thirty-nine, seventy, seventy-one,..., seventy-
nine, sixty 
(one, two . . . fifty; and fifty-one, fifty-two, fifty- three) 
53 is often incorrectly written as 503 
 
S Sequence-tens-
and-ones 
Count groups of ten by tens, assigning a cardinal value 
to each ten group 
(ten, twenty, . . . fifty; and fifty-one, fifty-two, fifty- 
three) 
 
S Separate-tens-
and-ones  
Focus on counting the groups of tens 
 (one, two, three, four, five tens, and three ones 
 
I Integrated-
sequence-
separate 
Able to work with both sequence-tens-and-ones and 
separate-tens-and-ones, shifting between the two 
strategies 
 
Adapted from “Children’s conceptual structures for multidigit numbers and methods of multidigit 
addition and subtraction” by K. C. Fuson et al., 1997, Journal for Research in Mathematics 
Chan, Au and Tang (2014), identified a developmental place value strategy 
sequence that provided empirical support for Fuson et al’s UDSSI model (Table 2.6). 
Four of the strategies they identified corresponded to the first four conceptual 
structures of the UDSSI model, and their fifth strategy was a transition strategy 
between the Sequence tens-and-ones and the Separate-tens-and-ones strategies. 
Children in the Chan et al. study were Chinese speaking, and in the Chinese language 
the name for the decade numbers is literally the same as the count number for the 
decade (e.g. forty is said four tens).  This language feature made it impossible for Chan 
et al. to identify the integrated-sequence-separate conceptual structure of the UDSSI 
model in Chinese speaking children. The sixth strategy that Chan et al. (2014) 
identified, an addition strategy, was specific to two 2-digit questions in their strategic 
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counting task and did not apply to the 3-digit questions. Chan et al. (2014) found the 
strategies of count-all, count-on, sequence, sequence-separate, and separate were a 
developmental sequence that applied to both 2-digit numbers and 3-digit numbers.  
Table 2.6. 
Comparison of Place Value Strategies and UDSSI Concepts 
Place value strategies 
 (Chan et al., 2014) 
UDSSI model 
count-all Unitary 
count-on In transition to sequence-tens and ones  
sequence Sequence-tens-and-ones 
sequence-separate  In transition to separate-tens and ones  
separate separate 
addition - 
  
While the simple triadic representation of bi-directional mapping between 
quantity, number word, and Arabic numeral (Figure 2.1) is essential knowledge for 
single digit numbers, it frequently leads to misconceptions in multidigit numbers.  
When children begin working with 2-digit numbers they often apply the number triad 
separately to each digit, so that the five in 53 represents five single items, and the three 
represents three single items (see Figure 2.2). This misconception was called a 
Concatenated Single Digit contraction by Fuson (1998), and is similar to the face value 
level understanding described by Ross (1989). Both Ross and Fuson noted that 
children may have this inappropriate focus on the cardinal value of each individual 
digit in a multidigit number for a sustained period of time. Children with a face value 
construct can appear to understand place value when they correctly answer that there 
are five tens in the tens column of the number 53, but they do not make the connection 
that the 5 in 53 represents a cardinal value of 50. These children are unable to think of 
the number of tens in a multidigit number as a multiple of ten (Fuson, 1998; Ross, 
1989).  
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Figure 2.2. Comparison of correct and incorrect mental constructs based on the number triad (Fuson, 
1998, p. 151)  
Dual concept of ten 
Children’s early counting uses number words exclusively as adjectives, but in 
place value “one” and “ten” are treated as entities which can themselves be counted. 
Counting numbers themselves (e.g., there are 3 tens in 30) requires children to make a 
conceptual shift in how they think about numbers. In the sentence “Ten ones makes 
one ten” (Van de Walle, Karp, & Bay-Williams, 2013, p. 199) both ten and one are 
used twice, but with a different meaning each time they are used. Children with full 
place value understanding require a concept of ten as an abstract composite unit that 
allows them  to work flexibly with ten as a single collection of ten items, and ten as 
ten single items (Baroody, et al., 2006; Chandler & Kamii, 2009; Cobb & Wheatley, 
1988; Fosnot & Dolk, 2001; Fuson, 1990; Fuson 1998, Fuson et. al., 1997)). Without 
this understanding “the child struggles to resolve difficulties that are beyond the 
comprehension of adult mathematics” (Cobb & Wheatley, 1988, p. 4). Children 
without  a concept of ten as a composite unit often mistakenly treat tens and single 
ones as though they are equivalent and interchangeable (Cobb & Wheatley, 1988; 
Gray, 2008). Children lacking a flexible dual concept of ten typically apply procedural 
knowledge to obtain correct answers (Gray & Tall, 2007), resulting in an “illusion of 
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understanding” (Merenluoto & Lehtinen, 2004, p. 523) for place value activities that 
can misdirect both child and teacher (and perhaps sometimes the researcher). 
Place value understanding is often assessed by activities requiring children to 
say how many tens are in a number. This type of task can be correctly answered using 
face-value level of understanding (Price, 2001; Ross, 1986), and does not assess 
whether children understand that the number of tens represents a multiple of ten. When 
asked how many tens are in 26, children may correctly answer two, but when asked 
what the two in the number twenty-six represents, they will indicate from a previously 
counted pile of twenty-six counters that the two means two single counters. Children 
can count by tens without realising that each number in a decade sequence is ten more 
than the one before it, and can make the appropriate place value manipulations with 
blocks and bundled sticks by using learned procedures disconnected from place value 
understanding (Cobb & Wheatley, 1988). The understanding that counting by ten 
increases each number by ten more ones is difficult for children to acquire (Steffe & 
Cobb, 1988), and without this insight children do not realise that counting by tens is 
an efficient method of counting the items already sorted into groups of ten, and prefer 
to count each item individually (Kamii, 1986). Without the understanding associated 
with a dual concept of ten, counting by ten is based on procedural knowledge rather 
than conceptual knowledge.  
Place value representations 
A wide variety of materials are commonly used to help children recognise that 
place value involves multiples of ten, and that a collection of ten single items can be 
counted. These materials are used to help children identify the number triad 
relationships between quantity, number-name and Arabic numeral (Figure 2.1). 
Physical materials provide children with a “hands-on” experience in place value 
activities, and their use is based on the rationale that a concrete-to-abstract progression 
path helps children make sense of the place value system (Clements, 2009). Materials 
include beads threaded in different coloured groups of ten, sticks bundled into groups 
of ten, and multibase arithmetic blocks (MAB) blocks. MAB blocks consist of 
different sized blocks representing one (a single cube), ten (ten cubes joined in a bar) 
one hundred (a flat ten by ten grid), and one thousand (a ten by ten by ten cube).  They 
are widely used in early primary classrooms as they were specifically designed to be a 
a physical analogue for multidigit numbers (Figure 2.3) to make the place value system 
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more transparent to children (English & Halford, 1995) Results of studies about the 
effectiveness of concrete materials are inconclusive (for a review see Carbonneau, 
Marley, & Selig, 2013). Some studies found no difference between comparison groups 
who used materials and those who did not (Uttal, Scudder, & DeLoache, 1997). Fuson 
and Briars (1990) found using concrete analogue materials promoted learning, while 
Kaminski, Sloutsky, and  Heckler (2009) found that children were less flexible in their 
learning and less able to adapt to different scenarios when their initial learning was 
based on materials. When materials are used, children need to make clear connections 
between the materials and the place value system (see Figure 2.3). While the analogue 
between MAB blocks and place value is obvious to an adult, it may not be so apparent 
to children who do not already understand place value (Goswami, Leevers, Pressley, 
& Wheelwright, 1998). 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.3. Using a place value chart and MAB blocks to represent a multidigit whole number 
(English & Halford, 1995, p. 108) 
Canonical and non-canonical configurations 
Place value representations can be either canonical, where the number of items 
in each place value position is always less than ten, or non-canonical, where there may 
be more than ten items in each place value position.  Only one canonical representation 
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is possible for any given number (e.g. the canonical representation of 253 using MAB 
blocks would be made up of 2 hundreds, 5 tens and 3 ones), however multiple non-
non-canonical configurations may be possible for a number (e.g. non-canonical 
representations of 253 include 2 hundreds , 4 tens and 13 ones; 1 hundred, 15 tens and 
3 ones;  and 1 hundred, and 12 tens and 33 ones (Table 2.7).  The Australian curriculum 
specifies that Year 2 children should be able to group, partition and rearrange 
collections up to 1000 in hundreds, tens and ones to facilitate more efficient counting 
(ACARA, 2017).   
Table 2.7 
Canonical and non-canonical representations of 253 
 Hundreds Tens Ones 
Canonical 
2 hundreds 
    
5 tens 
      
3 ones 
    
 
 
 2 hundreds 4 tens 13 ones 
Non-
canonical 
                  
     
     
    
 
 1 hundreds 12 tens 33 ones 
Non-
canonical 
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Non-canonical understanding makes a significant contribution to multidigit 
calculations, particularly mental computations (Heirdsfield & Cooper, 2004), as both 
addition and subtraction can involve a non-canonical configuration which needs to be 
converted to a canonical configuration. For example, 37 + 25 equals 5 tens + 12 ones 
(non-canonical), which is equivalent to 6 tens + 2 ones (canonical). Converting 
between non-canonical and canonical configurations is frequently presented to 
children as “trading”, “regrouping” or “exchanging” ten ones for a ten (or vice versa) 
(Heirdsfield & Cooper, 2004). Bednarz and Janvier (1983) found that children had 
more difficulty trading a hundred for ten tens than they did grouping ten tens into a 
hundred.  
Partitioning multidigit numbers into canonical and non-canonical configurations 
is believed to promote the development of place value understanding (Jones, Thornton, 
Putt, 1994). However an understanding of non-canonical configurations requires a dual 
concept of ten to recognise that “one ten” and “ten ones” are equivalent, and many 
children find this difficult, as discussed earlier.  This is consistent with the finding that 
children find place value activities with non-canonical configurations more difficult 
than canonical configurations (Ross, 1986). Children with good non-canonical 
understanding have a better understanding of place value (Chan et al., 2014, Price, 
2001). 
Summary of the development of place value understanding 
In summary, place value understanding adds an additional layer of complexity 
to counting. Learning to count is accompanied by a slowly developing understanding 
of cardinal value (Sarnecka & Carey, 2008; Wynn, 1990) and part-whole 
understanding (Baroody, Lai, & Mix, 2006). The strategies that children use to count 
and to add numbers together can be correlated to the level of understanding that the 
child has reached, and the counting-on strategy is usually considered to be indicative 
of part-whole understanding (Nunes et al., 2009). Part-whole understanding is a 
fundamental concept for place value understanding, as the value of each digit in the 
number represents part of the whole value of the multidigit number. 
Place value understanding  requires more sophisticated understanding of what is 
meant by a number, where the concept of number as a description for the cardinal 
value of a group of items is enlarged to a concept of number that can also be an abstract 
countable entity (Cobb & Wheatley, 1988). As children negotiate this conceptual shift 
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they develop a more flexible dual concept of ten that allows them to mentally represent 
ten as both one collection of ten items and as ten single items (Fuson et al., 1997). 
Place value understanding and learning has been extensively researched and the need 
for a dual concept of ten has been identified as key requisite concept for place value 
understanding (Simon, 2006). The process by which children develop an enhanced 
understanding of ten is not fully understood. The current study explored children’s 
understanding of ten by investigating the relationship between children’s ability to 
work accurately with 2 and 3-digit numbers and the strategies they used in place value 
activities. 
2.2 THEORETICAL PERSPECTIVES 
The rationale for this study is based on two complementary approaches to 
understanding learning from different research areas. The overlapping waves theory 
(Siegler, 1996) was derived from mathematics education research and concerns the 
relationship between children’s understanding and the strategies they use to achieve a 
particular goal, such as solving a mathematical problem. The second approach, rational 
constructivism (Tenenbaum, 1999: Xu, 2008), concerns the role played by inferences 
in the learning process, and was developed in cognitive science. Further discussion of 
each approach follows. 
2.2.1 Overlapping Waves Theory 
Children use a variety of strategies during counting and place value activities, 
and the strategies used are related to their understanding. Place value related research 
(Krebs et al., 2003; Langhorst et al., 2012; Le Corre, 2014; Saxton & Cakir, 2006) 
often tries to identify relevant correlations between different strategies or between a 
particular strategy and a particular aspect of conceptual understanding.  There was an 
implicit assumption in these studies (Krebs et al., 2003; Langhorst et al., 2012; Le 
Corre, 2014; Saxton & Cakir, 2006) that children typically use one main strategy at a 
time, and then exchange it for more effective strategy as their understanding improves. 
Siegler (1996) notes that the path to replacing a less effective strategy with a more 
effective strategy is more complex than a simple substitution. Siegler’s overlapping 
waves theory is based on the observation that learners usually have multiple co-
existing strategies, and that change in strategy use usually occurs gradually. In the 
context of the overlapping waves theory, a strategy has been defined as “any procedure 
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that is non-obligatory and goal directed” (Siegler & Jenkins, 1989, p. 11). Strategies 
that children might use to add two numbers together include retrieving the answer from 
memory, counting-on from the first addend, counting-all starting at one with the first 
addend, counting on fingers, or counting aloud without using fingers. The counting-
on and counting-all strategies were discussed in section 2.1.1.  
The overlapping waves theory (Siegler, 1996) is based on the following three 
observations about children’s strategy use for problem solving: 
(1) Children typically use a variety of strategies to solve a problem, and the 
efficiency of those strategies is variable;  
(2) Many strategies are typically available to a child at any time, and different 
strategies are likely to be used within a short period of time; and 
(3) As children gain experience, the relative frequency of use of each strategy 
changes. This often results in a gradual transition from using a less efficient 
strategy to a more effective strategy, though this transition is often 
accompanied by relapses to less effective strategies. New strategies are 
discovered over time and older ineffective strategies are eventually abandoned 
(Siegler, 2006).  
The overlapping waves theory is represented diagrammatically in Figure 2.4. Five 
hypothetical strategies are illustrated as curves, and the height of the curve at any 
particular time indicates how frequently the strategy is used at that time.  In Figure 2.4 
Strategy 1 co-exists with Strategy 2 and Strategy 4, but Strategy 1 is the most 
frequently used strategy when children are less experienced. With learning over time 
Strategy 1 is used less often, and more strategies emerge (Strategy 3 and Strategy 5). 
The key message in Figure 2.4 is that while there are dominant strategies, there are 
often co-existing strategies that are also available, resulting in an observable variety in 
strategy use. 
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Figure 2.4. Schematic depiction of the overlapping waves theory. Adapted from “The rebirth of 
children’s learning” by R. S. Siegler (2000), Child Development, 71(1), p.28 
Siegler and Jenkins (1989) presented three main features about the development 
and use of co-existing strategies: 
(1) In most situations, new strategies are developed alongside existing 
strategies, and while the existing strategies may not be optimal, they are 
reasonable. As there are multiple co-existing strategies for reaching the 
same goal, strategies “compete” with each other to be used to perform a 
task. For example, strategies used by children to answer an addition 
problem might include recalling the answer from memory, representing 
the numbers with their fingers and counting their fingers, counting-on 
from one of the addends, or guessing. 
(2) Each strategy is used most often on problems where its advantages 
relative to other strategies are greatest. Children are more likely to use the 
strategy of counting on from the largest addend when the smaller addend 
is small, such as 9 + 2 (by counting 9, 10, 11) or 6 + 2 (by counting 6, 7, 
8). When both numbers are large, such as 9 + 8, counting-on is more likely 
to be error prone, as children have to keep track of how many numbers 
they have counted-on for longer.  For this type of problem children are 
more likely to use the strategy of counting from one, as it is more likely 
to give an accurate answer even though it requires counting more numbers 
and more time to get an answer. 
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(3) Knowledge about the effectiveness of a strategy is based on outcomes of 
prior use of the strategy.  
It has been noted that the new strategies generated over time were always 
appropriate to the task the children were trying to do (Siegler, 2007, Siegler & Jenkins, 
1989). Siegler maintained that this indicated that the generation of new strategies is 
not trial and error, but is constrained by existing knowledge. This viewpoint is 
consistent with the viewpoint of rational constructivism (discussed in section 2.2.2) 
that children make reasonable inferences based on their prior knowledge and the 
information available. However Baroody, Brach and Tai (2006) felt that it was 
inappropriate to generalise from Siegler and Jenkins’ (1989) study, as the study 
involved only eight children with above average computational ability (based on their 
attendance at a university-run preschool). Baroody, Brach and Tai (2006) were critical 
of the approach of attempting to understand learning by analysing strategies, as they 
considered a strategy to be procedure that is a “meaningless skill” (p.133). The 
viewpoint that children do generate appropriate strategies was supported by a 3-year 
longitudinal study (n = 82) tracking the development of children’s multidigit addition 
and subtraction over Years 1-3 (Carpenter, Jacobs, Fennema, & Empson, 1998).  
Carpenter, et al. (1998) found that children made relatively few conceptual errors when 
using invented strategies, and that children who did use invented strategies had better 
place value understanding than children who were taught to use algorithms. This is 
consistent with the observation by Siegler and Jenkins (1989) that strategy discovery 
is often accompanied by an insight about the suitability of the strategy for the task. It 
also suggests strategy knowledge may lie on a similar continuum to that between 
procedural and conceptual knowledge (discussed in Section 2.1.1). 
Children vary in their insight regarding the discovery of a new strategy. 
Strategies may be used before a child is consciously aware of the strategy (Siegler & 
Stern, 1998) and children sometimes express one strategy in speech and another in 
gesture at the same time (Alibali, 1999). This inconsistency between gesture and 
speech often precedes the discovery of a new strategy. Pauses, vagueness and false 
starts are also often indicators that a new strategy is about to be found (Siegler, 2006). 
Those children who had the most insight about the use of a new strategy were more 
likely to use that strategy more frequently in the future (Crowley, Shrager, & Siegler, 
1997). Siegler (1996) noted that children’s strategy choice for a particular problem 
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often seemed to include an estimate of the advantages and disadvantages of different 
strategies in terms of efficiency, cognitive effort required, and the anticipated accuracy 
associated with the strategy. For example, finger counting is a preferred strategy for 4 
and 5-year-olds to add two numbers together, such as 4 + 3 and 3 + 4, but these children 
almost always used the faster procedure of recalling the answer from memory for 1+1, 
2+1, and 2+2.  Siegler and Jenkins (1989) found that children were more likely to 
discover and use a strategy of counting on from the larger of the two addends rather 
than from the first of the two addends when one of the addends was greater than 10, 
such as 2 + 23.  
Although the overall trend in learning is toward more frequent use of more 
advanced approaches using an improved strategy, children frequently revert to a less 
effective strategy after a more effective strategy is discovered. In a study of Year 2 
children required to solve an inversion problem in the format of a + b – b (Siegler & 
Stern, 1998),  80% of the children initially used an inefficient two-step computation 
strategy of adding and subtracting b (e.g., for 4 + 3 – 3  first add 4+ 3, then subtract 3 
from the resulting 7). An alternative more efficient shortcut strategy is to say the 
answer ‘a’ without calculating. However after children had discovered and explicitly 
reported using the shortcut strategy they continued to use the less efficient computation 
strategy for 30% of the problems in a subsequent trial. The change to frequent use of 
a more efficient strategy was gradual rather than abrupt, even when children could 
describe the newly discovered shortcut strategy and were aware of its advantages 
(Siegler & Stern, 1998). Children’s variable strategy use may confound assessment of 
their place value understanding. In place value activities children can appear to have 
different levels of place value understanding in different contexts, and in the same 
context at different times (Fuson et al. 1997; Price 2001). This variable performance 
may be attributable to variable strategy use that is consistent with the overlapping 
waves model (Siegler, 2006). It also suggests that any study of children’s place value 
strategies requires detailed observation of children over a number of trials, as children 
may use different strategies at different times, and may not always use their most 
effective strategy (Siegler, 2006). 
Summary of overlapping waves theory 
Siegler’s overlapping waves theory concerns the relationship between learning 
and strategy use. It is based on the observation that learners use multiple strategies to 
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problem solve, and the strategy which is most likely to be used is the one which is 
estimated by the learner to be an optimal mix of ease of use and effectiveness in 
achieving the strategy goal. With experience, new and more effective strategies are 
discovered and used, and less effective strategies are dropped from the strategy 
repertoire. The next section will discuss rational constructivism, the second theoretical 
perspective adopted in this study. 
2.2.2 Rational Constructivism 
The constructivist paradigm is based on the widely-accepted premise that the 
development of conceptual understanding requires an active process by the learner to 
make sense of the available information (Verschaffel, Greer & De Corte, 2010). The 
active role of the learner features in the work of both Piaget and Vygotsky, however 
the authors differ in their interpretations of how learning might be constructed.  Piaget 
considered that learning occurred through the complementary processes of 
assimilation and accommodation (Miller, 2010). As a learner encounters new 
information, it is assimilated into existing mental representations whenever possible. 
However, when existing mental representations are unable to assimilate information, 
the learner accommodates the information by changing existing mental representations 
or building new ones. Vygotsky emphasised the role of social interaction in learning, 
and identified that children are most able to learn in a zone slightly beyond their 
existing knowledge. This zone of proximal development (ZPD) is where learning can 
take place with the assistance of a more knowledgeable other (Bruner, 1997; van Geert, 
1998). While Piaget’s and Vygotsky’s work served to focus attention on learning as a 
constructive process, some mathematics education researchers (Siegler, 1996; Simon, 
Tzur, Heinz & Kinzel, 2004; Steffe, 2011) have noted that Piaget’s concepts of 
assimilation and accommodation and Vygotsky’s description of internalisation 
describe learning in terms that are too general to detail a mechanism by which learning 
might occur.  
Mathematical education research has been influenced by findings and research 
methods in cognitive science (English & Halford, 1995). The fields of both education 
and cognition share a common interest in how learning and cognitive change occurs, 
and developments in cognitive science may be relevant to mathematical education 
research, and vice versa. Cognitive science literature concerning how concepts are 
learned is particularly relevant to mathematical education research.  A widely accepted 
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viewpoint in cognitive science is that concept learning is usually inductive learning, as 
it involves making generalisations from a small number of examples which can be 
correctly applied to novel situations (Gelman & Kalesh, 2006). In order to generalise 
from a small number of examples, the learner needs to make inferences about what 
information to generalise, and how far to generalise (Gelman & Kalish, 2006, 
Tenenbaum, 1999).  
Rational constructivism is a theoretical learning framework in cognitive science 
that adopts the premise that the way in which a learner determines what to generalise 
and how far to generalise involves probability estimates. The “rational” in rational 
constructivism refers to an underlying assumption that a learner’s attempts to make 
sense of partial information are reasonable, based on both the information available to 
the learner and the learner’s prior knowledge. The term “constructivism” is a broad 
reference to the learner’s active constructive role in learning. In a rational 
constructivist framework, learning is considered to be a continual cycle of making 
inferences based on available information and prior knowledge, with each inference 
associated with a likelihood, or “degree of belief” that the inference is correct. Prior 
knowledge is updated with the most recent inference likelihoods in a manner that is 
consistent with Bayesian probability theory (Gopnik & Tenenbaum, 2007). The 
rational constructivist framework theorises that there is an ongoing two-way 
relationship between prior knowledge and the inferences a learner makes while 
learning. Prior knowledge develops from the inferences the learner has previously 
made, and the inferences a learner can make are constrained by the learner’s prior 
knowledge (Gopnik & Wellman, 2012). This allows rational constructivism to develop 
a detailed description of how category formation, concept development and cognitive 
change might occur (Xu & Kushnir, 2012). The term rational constructivism was first 
used by Xu (2008), however the relationship between Bayesian probability theory and 
learning has been theorised for approximately two decades. Rational constructivism is 
also known as Bayesian learning (Gopnik & Wellman, 2012) or Bayesian rationality 
(Oaksford & Chater, 2009).  
Rational constructivism is based on three assumptions. The first is that the 
learner tries to make sense of the available information by using prior knowledge to 
make multiple inferences that might explain the available information (Xu & Kushnir, 
2013). Second, each inference that a learner makes is assumed to be associated with 
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an estimate of the likelihood that the inference is correct (Gopnik & Tenenbaum, 
2007). This likelihood is a probability estimate, and is equivalent to the “degree of 
belief” that the associated inference is correct. The third assumption is that prior 
knowledge is regarded as the cumulative result of the interaction of the probabilities 
of prior inferences. Figure 2.5 is a schematic diagram of rational constructivist 
learning. The numbers shown in blue in the diagram represent the four main stages in 
the process.  
Stage 1: Generate inferences: The learner attempts to find meaning from new 
information by using prior knowledge to make multiple inferences that might explain 
newly encountered information. This phase of learning is consistent with Vygotsky’s 
zone of proximal development, as the learner’s prior knowledge constrains the 
inferences that can be made, while the guidance of a more knowledgeable person can 
help the learner make inferences consistent with the intended learning outcome. 
Stage 2: Estimate a likelihood. Each inference is associated with an estimate 
(equivalent to an educated guess) about the probability (or degree of belief ) that the 
inference is correct (Denison & Xu, 2012).  
Stage 3: Evaluation. The probability (degree of belief) of each newly generated 
inference is integrated with previously estimated probabilities of similar inferences 
already in prior knowledge (defaulting to an average value if no previous similar 
inference is present in prior knowledge). The outcome of the integration of prior 
knowledge and the likelihoods of new probabilities is consistent with Bayesian 
probability estimations (Goodman et al., 2008, Gopnik & Tenenbaum, 2007). This 
process of integrating new knowledge with prior knowledge is consistent with 
Vygotsky’s internalisation. Changes in prior learning probabilities can be small or 
large, suggesting a more mechanistic account of Piaget’s assimilation and 
accommodation.  
Stage 4: Update prior knowledge.  Once prior knowledge probability values 
have been updated to the most recently evaluated probability values, future generated 
inferences will be based on updated prior knowledge.   
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Figure 2.5. Schematic diagram of rational constructivist framework. 
 
Rational constructivism begins to address Bruner’s criteria for an “overall 
learning theory of mental development” (Bruner, 1997, p.70), as it encompasses both 
rapid learning from a limited amount of information, and more gradual learning, by 
providing a rationale that explains the circumstances conducive to each type of 
learning (Gopnik & Wellman, 2012). Rapid learning is more likely to occur when only 
a limited number of inferences are possible, and only one of the possible inferences is 
associated with high estimated likelihood based on the available information.  
However when there are a number of equally rated inferences or inferences are 
associated with a low likelihood, learning will be slower (Tenenbaum, 1999). This 
suggests that learning design needs to (1) anticipate what inferences children are likely 
to make, (2) consider how to direct children’s attention to the information they need 
to make inferences about, and (3) manage the task so that the number of likely 
inferences is kept to a minimum. The rational constructivist framework may help 
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resolve conflicting findings about the effectiveness of using MAB blocks for teaching 
place value (section 2.1.3, Carbonneau, Marley, & Selig, 2013), as it provides 
guidelines for the design of activities that are likely to facilitate learning. 
In rational constructivism, the variability between inferences is a crucial part of 
the learning process (Gopnik & Wellman, 2012). This is consistent with Siegler’s 
overlapping waves theory (Siegler, 1996) and the variability of multiple co-existing 
strategies. It has been found that greater variability of strategy use often predicts 
greater learning (Siegler, 2007). Inferences are normally continually made and 
processed without conscious effort (Dewar & Xu, 2010; Xu et al., 2009). For example, 
if we walk down an unfamiliar staircase, we confidently make the appropriate 
movements and balance adjustments to step gently down to the next step based on an 
automatic inference that each step is likely to be the same distance down. If we hear a 
dog barking, we are likely to automatically infer that a dog is physically close by, even 
if we cannot see it. The process of making inferences is more likely to be deliberate 
and consciously directed when a learner is trying to make sense of ambiguous data, or 
when attention is directed to particular information. Further information about rational 
constructivism is now presented, including research evidence for rational 
constructivism, and a discussion of the similarities between rational constructivism 
and overlapping waves theory. This is followed by a description of higher order 
generalisations in rational constructivism including the observation that place value 
understanding is probably a higher order generalisation, and concludes with a 
summary of rational constructivism. 
Research support for rational constructivism 
The number of articles in cognitive science journals about Bayesian learning and 
rational constructivism has been steadily increasing since the beginning of this century 
(Gopnik, 2011). Children and adults learn the meaning of words in a way that is 
consistent with rational constructivism (Xu & Tenenbaum, 2007) and a number of 
studies have confirmed that infants as young as 6-to-12 months make probabilistic 
inferences (for a review, see Xu & Kushnir, 2013). When 16 month old infants are 
shown that three yellow toys selected from a box containing mostly blue toys can 
squeak, they seem to make a generalisation consistent with Bayesian probability that 
since there were fewer yellow ducks than blue ducks, the yellow ducks must have been 
selected because they squeak. In other words, the probability that yellow ducks squeak 
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is higher than the probability that the blue ducks squeak. When these infants are given 
a yellow toy they will try to make it squeak, and are less likely to try to make a blue 
toy squeak. This inference that only yellow ducks squeak is not made if there are an 
equal number of ducks of each colour (Gweon, Tenenbaum, & Schulz, 2010). 
Rational constructivism and overlapping waves theory 
The rational constructivist perspective is that learning occurs when multiple 
inferences are made (Xu & Kushnir, 2012), and the overlapping waves theory concerns 
multiple strategies available to problem solve (Siegler, 2006). Both the overlapping 
waves theory and rational constructivism feature variability in learning. The 
similarities between strategies and inferences are summarised in table 2.7. As both 
strategy use and inference making are related to conceptual understanding it is likely 
that there is a relationship between inference making and strategy use.   
Table 2.8. Comparison of Inferences and Strategies 
Strategies  
(Overlapping waves theory) 
Inferences 
 (Rational constructivism) 
Multiple co-existing strategies 
 
Multiple co-existing inferences 
Frequency of strategy use varies as 
learning occurs 
 
Degree of belief (probability) of 
inferences vary as learning occurs 
Strategies ‘compete” with each other 
 
Inferences ‘compete’ with each other 
Conceptual understanding is related to 
the strategies used 
Conceptual understanding is related to 
the degree of belief in the inferences 
made.  
Not always consciously formulated Often made and evaluated implicitly 
  
Higher order generalisations. 
Inferences are not limited to those made from the directly available information. 
Inferences can be also made at a more abstract level, in the form of generalising from 
previously made inferences. The resulting hierarchy of inferences about inferences 
allows learning to occur simultaneously at multiple levels. This means that both 
specific facts and generalisations about the facts can be learned from the same 
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evidence at the same time. Higher, more abstract levels of inferences can then provide 
strong inductive constraints when new inferences are generated (Kushnir & Gopnik, 
2005, Tenenbaum, Kemp, Griffiths & Goodman, 2011). Learning multiple levels of 
generalisations from the same amount of information has been referred to as “the 
blessing of abstraction” as it allows learning to occur more rapidly (Perfors, 
Tenenbaum, Griffiths & Xu, 2011).  A simple thought experiment (illustrated in Figure 
2.6) is often used as an example of making inferences at more than one hierarchical 
level (Xu, Dewar, & Perfors, 2009). Assume there is an imagined collection of 
identical bags whose contents are unknown to an observer. Suppose that some marbles 
are taken from the first bag and they are all black. This information allows the observer 
to make a first order inference (with a high probability) that the unseen marbles in the 
first bag are all black. When a few marbles taken from the second bag are all red, the 
most likely inference is that all the remaining marbles in the second bag are red. After 
seeing that only blue marbles are removed from a third bag, the learner not only infers 
that the all the marbles in the third bag are blue, but also makes an additional second 
order inference that all bags contain marbles of a uniform colour.  
 
 
 
 
 
 
 
 
 
 
 
Figure 2.6. A schematic diagram of a second order inference based on first order inferences Adapted 
from “Induction, over hypotheses, and the shape bias: Some arguments and evidence for rational 
constructivism” by F. Xu, K. Dewar, and A. Perfors (2009). In B. M. Hood & L. Santos (Eds.), The 
origins of object knowledge (pp. 263–284). Oxford, UK: Oxford. p.275. 
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The marble bag thought experiment was confirmed empirically by Xu et al. 
(2009) using identical boxes containing coloured ping pong balls. When the fourth ball 
from the fourth box was revealed as a different colour to the three balls previously 
removed from the fourth box, both adults and nine-month-old infants reacted with 
surprise, indicating that both adults and children had made the second-order inference 
that all boxes held balls of the one colour. Infant surprise was established by increased 
duration of time spent looking at the unexpected result. A more complex variation of 
the previous experiment used two variables; shape and colour (see Figure 2.7). Infants 
were shown three boxes where each box contained identical shapes in four different 
colours. Nine-month-old infants reacted with surprise when the contents of the fourth 
box was a mixture of both shapes and colour.  A similar surprise reaction was obtained 
when the first three boxes were shown to each contain different shapes with a common 
colour (Dewar & Xu, 2010).  
 
 
Figure 2.7. Schematic representation of unexpected shape outcome in coloured shape experiment with 
9 month infants Adapted from “Induction, Overhypothesis, and the Origin of Abstract Knowledge: 
Evidence From 9-Month-Old Infants” by K. M., Dewar and F.  Xu. (2010). Psychological Science, 
21(12), p1873. 
The studies on rational constructivism described earlier in this section (see e.g., 
Dewar & Xu, 2010; 2002; Xu et al., 2009) indicate that the ability to form more 
abstract generalisations and learn multiple levels at the same time is present in both 
adults and infants. This suggests that young school aged children also learn at multiple 
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levels at the same time, and that number and place value related concepts may co-
develop rather than be acquired sequentially. This could explain the previously noted 
conflicting research results (Krebs et al., 2003; Martins-Mourão & Cowan, 1998; 
Saxton & Cakir, 2006) about the order in which place value related concepts normally 
develop.  
Summary of rational constructivism 
Rational constructivism suggests that conceptual understanding develops from 
the inferences (both implicit and explicit) that learners make during learning activities. 
Where the constructivist metaphor of the learner is one of a builder of knowledge, the 
rational constructivist metaphor suggests that inferences may be the building blocks of 
conceptual understanding. As inferences are learners’ attempts to use their current 
knowledge to make sense of the available information, those inferences will influence 
the strategies used to problem solve. This can make it possible to identify the 
inferences children have available by backward mapping from the strategies they use. 
In place value, children need to make the inference that numbers, particularly 
ten and increasing powers of ten, can themselves be counted, and that ten can be 
regarded simultaneously as both one item with a value of ten, and as ten separate items, 
as discussed in Section 2.1.3. The UDSSI model (Table 2.5) identified different 
strategies used by children in place value activities, and while there is a developmental 
progression of strategies in the model, children may use multiple place value strategies 
within and across tasks in a short interval of time. This finding is consistent with both 
the overlapping waves theory about mulitple co-existing strategies, and with the 
rational constructivist perspective that children learn by continually making multiple 
inferences based on their prior knowledge and the available information. Relevant 
place values inferences would concern the significance of ten and of the digit position 
in a multidigit number. 
2.3 SUMMARY AND IMPLICATIONS 
This chapter has presented a discussion and synthesis of the literature with 
respect to the development of place value and counting knowledge and counting 
strategies. A theoretical framework based on Siegler’s (1996) overlapping waves 
theory and rational constructivism was presented.  Siegler’s  overlapping waves theory 
(1996) identifies variability in in strategy use and the rational constructivist framework 
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perspective concerns of the role of multiple inferences in learning. Both perspectives 
can contibute to understanding how children learn about  place value.   
 Place value tasks add a considerable level of complexity to children’s initial 
counting knowledge, which requires the ability to think of numbers as abstract entities 
that can themselves be counted and manipulated. While part-whole understanding is 
frequently assumed to be present when children are able to count-on, there is no clear 
consensus from research findings about how the counting-on strategy is acquired, how 
part-whole understanding develops, or how part-whole understanding develops in 
relation to place value understanding (Section 2.1.3). Prior research has identified that 
there are two key insights that are required for place value understanding. The first is 
that groups of ten can be counted as though they were objects (Cobb & Wheatley, 
1988; Fuson et al., 1997; Simon, 2006) and the second is that there is a consistent base-
10 multiplicative relationship between adjacent places in a multidigit number (Rogers, 
2014). At present there is no clear consensus about how children can be helped to 
acquire these insights and adapt their early understanding of counting to the advanced 
understanding required for place value. 
Initially counting is a procedural skill, and conceptual understanding of number 
and cardinal value gradually develops over a number of years. Rapid progress in both 
counting ability and cardinality understanding occurs when children make the 
inductive generalisation that the cardinality of a set is related to the last word spoken 
when the set is counted. However children’s initial cardinal understanding is not 
adequate for place value understanding, which requires an understanding that the 
cardinal value of each digit depends on the position of the digit in a multidigit number. 
It is only when children can simultaneously think of ten as an abstract entity that can 
be counted, as well as a collection of ten ones that children can appreciate the 
multiplicative structure of place value (Cobb & Wheatley, 1988; Fuson et al., 1997; 
1988, Rogers, 2014; Simon, 2006). While it is well recognised that children struggle 
to develop the dual concept of ten required to understand place value, it is not known 
how children acquire these insights and adapt their early understanding of counting to 
the advanced understanding required for place value. Experience with non-canonical 
configurations and practice converting between canonical and non-canonical 
representations is believed to help children develop a concept of ten that is appropriate 
for place value understanding. 
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Prior research (Fuson et al., 1997; Ross, 1986) has usually investigated 
children’s place value understanding from the viewpoint that children progress through 
various levels of understanding. Research (Fuson et al. 1997; Price, 2001) has 
confirmed that children’s place value understanding is often variable and is not a 
steady progression from less advanced to more advanced understanding. This 
variability in understanding is consistent with Siegler’s (1996) overlapping waves 
theory (Section 2.2.1) which posits that learning progress is accompanied by changes 
in strategy repertoire and frequency of use of multiple competing strategies. Children 
use different strategies in place value activities, and their strategy use varies with their 
place value understanding (Chan et al., 2014). Rational constructivism attributes this 
variability in understanding and multiple strategy use to the co-existence of multiple 
inferences generated by a learner during the learning process.  
The current study investigated children’s understanding of place value through 
the lens of Siegler’s overlapping waves theory and rational constructivism to gain a 
better insight into Year 2 children’s understanding of place value. The methods 
included close observation of children’s accuracy in place value activities and 
accompanying strategy use a range of place value tasks, with canonical and non- 
canonical configurations of 2- and 3-digit numbers. The research design of this study 
is presented in the next chapter 
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Chapter 3: Research Design 
The purpose of this study was to gain a better insight into Year 2 children’s 
understanding of place value by investigating their strategy use in place value activities 
in the context of Siegler’s overlapping waves theory and a rational constructivist lens. 
From a rational constructivist perspective, children’s understanding of place value is 
based on the inferences they make about place value, and the inferences they associate 
with a high degree of belief become more accurate as their understanding of place 
value develops. While children’s inferences are not directly observable, children’s 
mathematical activity can be observed through the strategies they use, and this strategy 
use is related to their understanding (Alibali, 1999; Crowley, Shrager, & Siegler, 1997; 
Steffe & Thompson, 2000). This suggests that observing children’s strategies while 
they are engaged in a place value activity might provide a window to children’s 
inferences relating to place value. Siegler’s (1996) overlapping wave theory and the 
studies of Fuson et al., (1997), and Price (2001) indicate that children are likely to use 
a range of strategies in place value tasks at different times and with different 
conditions.    
This study addressed the following research questions (as stated in Section 1.3).  
1. How accurate are the answers obtained by Year 2 children when they are 
engaged in place value tasks?   
2. What strategies are used by Year 2 children engaged in place value tasks?  
3. How do Year 2 children’s strategies vary with different place value tasks 
and place value variables 
This chapter describes the research design used in the study. It includes a 
discussion of the rationale for the use of a mixed method methodology (Section 3.1) 
with a convergent parallel design (Section 3.2); ethical considerations (3.3) and the 
study participants (Section 3.4). Data collection is described (Section 3.5), followed 
by a discussion of the data analysis (Section 3.6). The chapter concludes with a 
summary of the research design (Section 3.7). 
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3.1 METHODOLOGY 
The purpose of this study was to gain a better insight into Year 2 children’s 
understanding of place value by investigating their strategy use in place value activities 
in the context of a Siegler’s overlapping waves theory and a rational constructivist 
lens. A mixed method methodology was chosen for this research as the combination 
of quantitative and qualitative data can generate a richer understanding of a research 
topic than would be available using qualitative or quantitative research in isolation 
(Creswell, 2014). Although it has been argued that the underlying paradigms for 
qualitative and quantitative methods were incompatible, there is now increasing 
recognition that the two methodologies can be synergistically combined (Creswell, 
2011; Denzin & Lincoln, 2011). Assessment of children’s place value understanding 
from quantitative data about place value accuracy can be misleading (Rogers 2014; 
Ross 1989), as children may correctly answer some place value questions with face 
value understanding rather than place value understanding (discussed in section 2.1.3). 
Qualitative data about children’s strategy use were obtained to complement the 
quantitative data. This study focused on the strategies used by children in place value 
activities, and a study of strategies requires qualitative data to identify the strategies 
children use, and quantitative data to identify the frequency and pattern of strategy use 
(Siegler, 2006). Qualitative data about children’s strategy use were obtained through 
detailed observations, audio recordings and children’s self-reporting of strategies. In 
previous studies of children’s strategies during mathematical activities the rich detail 
provided by detailed observations has significantly contributed to insight into 
children’s mathematical thinking (Blotë, Otterloo, Van Stevenson, & Veenman, 2004; 
Luwel, Siegler, & Verschaffel, 2008). 
3.2 RESEARCH DESIGN 
There were two phases in this study, both using a  convergent parallel design. 
This design allowed qualitative and quantitative results to be compared and identify 
any convergence, divergence or relationship between the two sets of data (Creswell, 
2014, Creswell & Plano Clark, 2011). Qualitative and quantitative data were collected 
in both phases of the study. The quantitative data were obtained from accuracy scores 
in place value tasks and frequency of place value strategy use, while qualitative data 
were used to identify the strategies used in place value activites. The qualitative data 
consisted of observational notes, audio recordings, and children’s self reports of 
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strategy use. The first phase of the study was an initial assessment and the second 
phase consisted of four sessions of shopping task activities. Quantitataive and 
qualitative data from the initial assessment were merged to identify a relationship 
between place value performance and strategy use. This process was repeated with 
data from the shopping task activity. The results from the two phases of the study were 
combined to identify patterns of strategy use associated with different levels of 
performance and different types of place value tasks (Figure 3.1). Qualitative data 
about children’s strategies were deductively analysed using a strategy classification 
system developed by Chan et al., ( 2014), based on place value mental constructs 
identified by Fuson et al., (1997). 
 
Figure 3.1. Research design based on convergent parallel design 
Participants were volunteers recruited from a Year 2 class where the researcher 
was a regular volunteer in their mathematics classes. Year 2 is a significant year for 
the development of place value understanding when children extend their Year 1 place 
value knowledge beyond numbers up to 100 and work with 3-digit numbers.  
According to the Australian Curriculum, Assessment and Reporting Authority 
Curriculum: Mathematics (ACARA, 2017), children in Year 2 are expected to be able 
to group, partition and rearrange collections of one thousand, and to be able to handle 
small collections of money by the end of the year.  The study was held in the second 
half of Year 2 and children had been working with 3-digit numbers for approximately 
six months.  Both the strategic counting task in the initial assessment task and the 
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shopping task included a mix of 2- and 3-digit numbers in both canonical and non-
canonical configurations. Non-canonical questions were specifically included in the 
strategic counting task by Chan et al. (2014) because they require a higher level of 
place value understanding to answer correctly. Non-canonical questions were mixed 
with canonical questions in the shopping task to give children an opportunity to make 
and count collections of ten. Use of this grouping strategy is usually associated with 
good place value understanding. (Chan et al.,2014; Cobb & Wheatley,1988; Price, 
2001;   
3.3 ETHICS  
Approval to conduct low risk research involving human participants was obtained 
from the University Human Research Ethics Committee (Approval certificate 
16000000505 in Appendix A). Permission to conduct the study at the school was 
obtained from the headmaster and written consent of children’s parents and/or 
guardians was obtained. Children indicated their willingness to participate by 
colouring in a smiley picture on the consent form.  Both parents and children were 
advised that their participation was voluntary and that they could withdraw their 
participation from the study at any time.  
The children knew the researcher prior to the study and were introduced to the 
research assistant (the shopkeeper) by the researcher.  Children were encouraged to 
feel relaxed and comfortable. No child became distressed during their participation in 
the study. If children became uncomfortable with the task they were allowed to move 
on to the next transaction or discontinue the task.  
3.4 PARTICIPANTS 
Participants were Year 2 children (n = 10) from a local school who responded to 
a research invitation sent to the parents of all children in the class (mean age = 7 years 
11 months; 8 girls and 2 boys). The school was a Queensland state primary school with 
slightly lower than average socio-economic status. One boy failed to complete many 
of the tasks and was removed from the analysis. The school uses grades A to E for 
assessment purposes to comply with Education Department requirements. An informal 
discussion with the classroom teacher indicated that the assessment grades obtained 
by the children at the end of the previous semester for the remaining nine children 
included one A, five B’s, two C’s and one D, demonstrating a spread of academic 
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achievement within the group. A brief profile of each child constructed from 
information provided by the classroom teacher is shown in Table 3.1.  
 
Table 3.1. 
Profile of participants in alphabetical order 
 
Name Class 
assess 
Age  Mathematical learning approach in classroom 
Emma A 7y 11m Very strong mathematically. Able to reason and 
justify her answers. Automaticity on facts was 
very good. 
 
Hazel B 7y 1m Inconsistent with her maths. Sometimes engaged, 
sometimes not. Made simple mistakes. 
 
Lucy B 8y 1m Applied herself well to maths tasks and Improved 
during the first semester. Concepts seemed to 
become easier for her to understand. 
 
Mia C 8y 1m Required lots of hands-on manipulatives and 
small groups to enable understanding of math 
concepts. 
 
Oliver C 8y 8m Non-academic across multiple key learning areas. 
Behaviour impacted on true learning profile. 
Appeared to be capable but did not appear to 
want to show this. 
 
Sally B 7y 8m A logical and mathematical thinker. Quiet and 
introspective but seemed to understand math 
concepts easily. Sometimes hesitant beginning 
unfamiliar tasks. 
 
Sophia B 8y 0m Eager to attend to maths but tended to rush 
concepts and answers and didn’t double check 
answers. Made simple mistakes and required 
corrective teaching to point them out. 
 
Thea D 7y 1m Did not retain simple maths concepts. Required 
small groups to focus on concepts. Low self-
esteem for maths and apprehensive about making 
mistakes. 
 
Zoe B 7y 9m Keen to do well with maths. Tried hard in class. 
Often made simple mistakes because she rushed 
her work. 
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3.5 DATA COLLECTION 
This study was conducted over a period of four weeks through two distinct 
phases. The first phase was an initial assessment stage (Week 1) consisting of four 
assessment tasks. The initial assessment took approximately 15 to 20 minutes per child 
and took place over two days in the first week of the study to minimise disruption to 
class activities.  
The second phase (Weeks 2-4) consisted of four sessions of a shopping task 
activity where children “bought” items from a play store using play money. Sessions 
one and two had an identical set of eight 2-digit numbers, and sessions three and four 
used identical sets of 3-digit numbers. All children were observed individually, and 
each shopping session took approximately 15 minutes to complete. The initial 
assessment and the shopping task activities were held in a sheltered area immediately 
adjacent to the Year 2 classroom. The overall timeline for the study is summarised in 
Table 3.2, and a detailed description of the tasks follows.  
Table 3.2. Data Collection Timeline. 
Time period Task 
Week 1 Initial assessment 
part-whole understanding 
counting-on 
place value representation 
strategic counting 
 
Weeks 2 to 4  Shopping task observations 
Session 1 – Introduction to shop activity & Shop activity              
with tens and ones 
Session 2 -  Shop activity with tens and ones 
Session 3 - Shop activity with hundreds, tens and ones 
Session 4 - Shop activity with hundreds, tens and ones 
 
The data collected were used to address the three research questions in this study, 
as described in section 1.3 and restated here for convenience.  
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1. How accurate are the answers obtained by Year 2 children when they are 
engaged in place value tasks?   
2. What strategies are used by Year 2 children engaged in place value tasks?  
3. How do Year 2 children’s strategies vary with different place value tasks 
and place value variables?  
3.5.1 Initial assessment data 
Children’s understanding of place value can be difficult to accurately assess, as 
children can correctly answer many place value questions by applying rote-learned 
procedures in lieu of place value understanding (Chan et.al, 2014; Rogers, 2014; Ross, 
1986). The tasks used to assess place value understanding in this study were chosen to 
differentiate between the use of learned procedures and place value understanding, by 
focusing on the strategies children used during place value activities. Two of the initial 
assessment tasks looked at skills and understanding that are considered to contribute 
to place value understanding; part-whole understanding (Saxton & Cakir, 2006), and 
counting-on (Secada et al., 1983). The other two initial assessment tasks assessed place 
value understanding through children’s understanding of the analogy between MAB 
blocks and place value. In the place value representation task (Chan et al., 2014) 
children used MAB blocks to represent numbers and then made changes to those 
numbers. The final initial assessment task was the strategic counting task (Chan et al., 
2014), where children looked at diagrams of MAB blocks in canonical and non-
canonical configurations and determined what number was represented by the blocks.  
Non-canonical configurations were included to discourage the use of memorised 
strategies (Chan et al., 2014) and identify those children who were able to apply place 
value understanding by using regrouping to solve place value problems.  
In the current study, an Initial Assessment Form (Appendix B) was designed to 
document children’s responses in the initial assessment tasks. This original data 
collection form was intended to facilitate efficient recording of those strategies by 
providing appropriate sections and grouped checkboxes, however it became evident 
during the assessment that the form oversimplified children’s strategy use and the form 
data were supplemented by descriptive notes of children’s strategies, such as whether 
they appeared confident or hesitant about using those strategies.  Each task in the initial 
assessment was given a quantitative score based on criteria described with each task. 
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Qualitative data consisted of observational notes of children’s strategies during the 
stratgeic counting task.  
Part-whole assessment: The part-whole assessment task (Saxton & Cakir, 2006) 
was included to assess children’s part-whole understanding independent of their place 
value understanding.  This task consisted of two sub-tasks; a divided-whole task and a 
united parts task. In the divided-whole sub-task, the child was supplied with a set of 
cubes and asked to count and report on the sum total. If they gave the correct response, 
the cubes were divided into two separate groups and the child was asked “Can you tell 
me, how many cubes are there all together now?” The following four sets and divisions 
were used; 4 cubes (represented as 2 cubes +2 cubes), 6 cubes (represented as 4 cubes 
+2 cubes), 8 cubes (represented as 5 cubes + 3 cubes), and 9 cubes (represented as 6 
cubes +3 cubes). The child was given one point each time they answered without 
hesitating or going back to count the cubes again. 
In the related united-parts sub-task, the child was provided with two physically 
separate sets of cubes and asked to count and report on the total number of cubes in 
both sets. The two sets were then united into a single set and the child was asked once 
again how many cubes were present in total. The following four sets and divisions 
were used; 5 cubes (represented as 3 cubes + 2 cubes), 7 cubes (represented as 4 cubes 
+3 cubes), 8 cubes (represented as 6 cubes + 2 cubes), and 9 cubes (represented as 5 
cubes + 4 cubes). The child was given one point each time they answered without 
hesitating or going back to count the cubes again. 
Counting-on assessment: The counting-on assessment task (Secada, Fuson & 
Hall, 1983) was included to determine whether children could use verbal numbers or 
arabic numerals to represent a quantity of items, and use this value as a starting point 
for adding additional items. This task required children to count the total number of 
dots on two cards, and was presented in two variations. In the first variation of the task 
the card with the largest number of dots was shown briefly to the child, and then turned 
over so that the dots were no longer visible. The child was told how many dots were 
on the card, and the correct Arabic numeral for each dot array was displayed on a card 
above the dot array card. A second card with the smaller addend  array of dots was 
then displayed to the right of the first card, with an accompanying Arabic numeral card 
(see Figure 3.2). The child was then asked “How many dots are there on both these 
cards all together?” (Secada et al., 1983).  
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Figure 3.2. Counting-on task using a hidden addend from “The transition from counting-all to 
counting-on in addition,” by Secada, W. G., Fuson, K. C., & Hall, J. W. ,1983, Journal for Research in 
Mathematics Education, 14(1), p. 51 
In the second variation of this task the first addend card remained visible and the 
sum question was preceded with the prompt “See, this card (indicating the first added 
numeral card) tells you how many dots there are here (indicating the first addend dot 
array card) so you do not have to count them over again, but you can if you need to. 
How many dots are there on both these cards all together? Remember, you do not have 
to count these over again. How many are there?” (Secada et al., 1983).  Three trials 
with a hidden addend and three trials with both addends revealed were given. A child 
who counted-on in one or more trials was considered capable of counting-on, as were 
children who added the numbers without counting. The use of a count-on or count-all 
strategy was determined by the time taken to find an answer and behavioural evidence 
of counting. Probe questions such as “How did you get that answer?” were given when 
children’s counting strategy could not be directly observed. The child was given one 
point each time they counted-on. 
Place value representation: In the place value representation task children were 
asked to use MAB blocks to represent a number. This task is frequently used to assess 
place value understanding. Children were supplied with wooden MAB blocks 
representing ones (single cubes) and tens (a ten-block is a long bar of ten joined cubes). 
Children were initially asked “How many of these cubes (indicating a single cube) are 
there in one of these (indicating a ten-block)” to confirm that they understood that the 
ten-block was equivalent to ten single cubes.  All the children in the study were 
familiar with MAB blocks. Children were then asked to read out an Arabic numeral 
presented to them on a card, and asked to represent the number using the MAB blocks. 
The numbers were 17, 11, 13 and 14. Following the successful display of the number 
with the MAB blocks, children were asked to change the block representation to a 
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larger number by changing either the tens or ones digit (i.e. 17 to 18, 11 to 21, 13 to 
15, 14 to 24).  A child was given one point for each initial correct representation, and 
one point for each correct change to another representation. 
Strategic counting task: The final initial assessment task was the strategic 
counting task (Chan et al., 2014) which used ten diagrams of squares representing a 
collection of MAB blocks. A single block was depicted as a single square, a ten-block 
was shown as a vertical column of joined squares, and a hundred-block was shown as 
a ten by ten grid of joined squares. Each diagram was displayed on a separate card. 
Five of the diagrams were 2-digit numbers (three non-canonical) and five were 3-digit 
numbers (three non-canonical). In the non-canonical arrangements there could be more 
than ten columns of ten or more than ten single squares, and the sequence of squares 
from left to right did not always progressively decrease in size. Example questions of 
each question category are shown in Table 3.3. (see Appendix E for the complete 
question list).  
Table 3.3. Examples of Questions in Strategic Counting Task. 
canonical non-canonical 
Q2. Q3 
Q6 Q9 
 
Children were orientated to the task by first showing them the single, ten and 
hundred MAB blocks, and were asked how many single blocks were in the tens block 
and the hundreds block, and how many ten-blocks were in the hundreds block. All 
children were familiar with MAB blocks and had no difficulty recognising the 
diagrams as representations of MAB blocks. The presentation sequence of the 
diagrams was the same for each child, with an overall progression in difficulty level, 
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beginning with a 2-digit canonical number and ending with a 3-digit non-canonical 
number. A child was given one point for each correctly answered question. Children 
were asked to “say the numbers they were thinking” as they completed the strategic 
counting task. This assessment task was included to specifically observe children’s 
place value strategies. Observational notes of the children’s strategies during the 
strategic counting task were taken, and the sequence of numbers was written down as 
they were said. If the child’s strategy was not clear he/she was asked to explain how 
they got the answer. The strategic counting task contributed data for all three research 
questions, including quantitative data for research question one, qualitative data about 
strategy use for research question two, and qualitative data about children’s changes 
in strategy use with the two variables of canonical/non-canonical configurations and 
2- or 3-digit questions for research questions three. 
3.5.2 Shopping task data 
Children were asked to participate in a shopping task based on previous studies by 
Krebs et al., (2003) and Martins-Mourão and Cowan, (1998) (see Section 2.1.2). This 
task provided numerous opportunities for children to use different place value 
strategies as they combined different denominations of play money to purchase a 
“toy” from a pretend toy store. The available denominations were one, ten and one 
hundred, with each denomination presented as a paper note. The notes were 
deliberately designed to be obviously play money. To mirror previous studies and 
avoid different representations for different denominations a one dollar note was 
used rather than a one dollar coin as used in Australian currency. All the children 
were comfortable with using a dollar note rather than a dollar coin. A different colour 
was used for each denomination, with white for $1, yellow for $10 and green for 
$100.  The images used for the play money are shown in Appendix D. A laminated 
card showing a picture of a toy was used to represent the toy (See appendix D). 
Children participated in four sessions of shopping tasks, and made eight purchases in 
each session. Each shopping task session took approximately 15 minutes per child. In 
the first two sessions, the prices were all 2-digit numbers and children were supplied 
with one and ten dollar notes. In the third and fourth sessions all the prices were 3-
digit numbers and children had hundred dollar notes as well as ones and tens. 
Children begin working with 3-digit numbers (ACARA 2016) in Year 2, and it was 
expected that participants would have more difficulty with 3-digit numbers than with 
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2-digit numbers. The number of different denomination notes available varied with 
each shopping task, to ensure that some tasks required non-canonical configurations 
to make the correct payment (Table 3.4).  
 
Table 3.4. Denominations Required for Each Question and Denominations Provided. 
                 Question Numbers with an * are non-canonical arrangements.  
Q 
No 
Session        
1 & 2 
Required     
notes 
Provided 
notes 
Sessions     
3 &4 
Required   
notes 
Provided 
notes 
1 22 2t  2u 5t 10u 137 1h  3t 7u 3h  4t 10u 
2 23* 1t 13u 1t 20u 146 1h  4t 6u 3h  5t 20u 
3 76 7t  6u 1t 20u 125 1h  2t 5u 3h  4t 10u 
4 37* 2t 17u 2t 20u 161*  16t 1u  20t 10u 
5 48 4t  8u 5t 20u 365 3h  6t 5u 5h 10t 10u 
6 32* 2t 12u 2t 20u 352* 3h  3t 22u 5h  3t 30u 
7 63 6t  3u 10t 20u 273 2h  7t 3u 5h  5t 10u 
8 34* 1t 24u 1t 30u 435* 3h 13t 5u 3h 20t 10u 
Note: While hundreds, tens and ones are used in contemporary literature rather than hundreds, 
tens and units, the older terminology has been used in this instance to avoid possible confusion 
between ‘0’ as a zero and ‘o’ as the first letter of one.    
 
Quantitative data in the shopping task consisted of children’s score in the 
shopping task. Children received a score of two if they gave the correct response on 
their first attempt, a score of one if they were correct on their second attempt, and a 
score of zero if they were incorrect on their third attempt or declined attempting the 
question a second time. Qualitative data collected in the shopping task activity 
consisted of (1) observations by the researcher, (2) child report of the strategy used, 
and (3) an audio recording of children’s speech during the shopping task activity. The 
researcher was a non-participant observer during the shop task activity while an 
assistant played the role of shopkeeper. This allowed the researcher to capture greater 
detail about how children arrived at their answers. While the presence of an observer 
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can modify participants’ behaviour (Spatz, 2008), behaviour modification was 
minimal as the researcher was known to the children in her role as volunteer aide 
during classroom mathematics activities. Another challenge associated with 
observation is the need to be rigorous and systematic (Spatz, 2008). A form was 
designed to facilitate efficient recording of observation data, particularly noting which 
denomination note the child was referring to as each number was said while the 
purchase money was being counted.  
During the shopping task activity each child sat at a table facing the 
“shopkeeper”, while the researcher sat at right angles to both the shopkeeper and the 
child, where she could observe the child’s actions and facial expressions as a non-
participant observer (see Figure 3.3). The shopkeeper displayed three or four 
purchasable items at a time, and any of the items could be purchased for the same 
single price displayed in Arabic numerals on an adjacent card. The displayed price 
showed an unobtrusive dollar sign followed by the price in dollars only (i.e., there was 
no decimal point in the number and no zeros representing cents). This format was 
chosen because Year 2 children are not expected to be familiar with decimal numbers 
until Year 5 according to the Australian Curriculum: Mathematics (ACARA, 2016).    
 
 
 
 
 
 
Figure 3.3. Shop activity layout 
Each child was given an initial familiarisation with the materials and the activity 
requirements by an assistant who played the role of shopkeeper. This initial 
familiarisation was immediately followed by the first of four sessions of the shopping 
task activity. Children were invited to select a toy card from those displayed and 
purchase it with exactly the same amount as the price displayed on the price tag (“not 
a dollar more or a dollar less”). If a child offered the shopkeeper an incorrect amount 
of the money the child was told the money was not the right amount to buy the toy, 
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and was invited to try again. Children’s ability to pay the correct amount to the 
shopkeeper addressed the first research question.  
How accurate are the answers obtained by Year 2 children when they are 
engaged in place value tasks?   
If a child made two unsuccessful attempts the shopkeeper gave the child a card 
representing a toy from a separate collection of cards in lieu of the item the child tried 
to purchase. Money remaining after a transaction was collected and the child was given 
a previously prepared collection of money for the next shopping task question. The 
money was always arranged with the smallest denomination (ones) at the top and the 
largest denomination at the bottom (tens in sessions 1 and 2, and hundreds in sessions 
3 and 4) to ensure consistency between students and to minimise the time required to 
re-organise the money between children. Where the child’s strategy for determining 
the amount to pay was not clearly evident, the experimenter asked the child how they 
got the answer by posing a direct question; “How did you get that answer?” (Alibali, 
1999). Previous studies have established that asking participants aged 5 years and older 
to immediately self-report on their strategy increases the accuracy of strategy reporting 
compared to strategy classification limited to observation of overt behaviour (Siegler, 
2006), and does not influence children’s strategy use (Siegler & Chen, 1998). Children 
in this study were approximately 7 years of age.  
The researcher observed and recorded the amount paid by each child, the strategy 
used to count the money, and whether or not the child self-corrected. Gestures were 
recorded where possible, noting whether there was a gesture-speech mismatch, as 
these mismatches often precede a transition from an incorrect strategy to a correct one 
(Alibali & Goldin-Meadow, 1993). Children’s behaviour such as hesitation, checking 
earlier counting or changing to a different strategy was noted by the researcher. An 
audio recording of the shopping session was made, and the researcher recorded which 
denomination of money was being referred to as the child said a number. These data 
were used for the second research question. 
What strategies are used by Year 2 children engaged in place value tasks?  
3.6 DATA ANALYSIS 
Data analysis was conducted in two stages; an analysis of the initial assessment 
data (Section 3.5.1) followed by an analysis of the shopping task data (Section 3.5.2). 
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Each of these stages followed a modified convergent parallel design (Figure 3.1), 
where the quantitative data and qualitative data were merged and a comparison made 
of place value accuracy (from the quantitative data) and strategy use (from the 
qualitative data) across the variables of canonical and non-canonical configurations 
with both 2- and 3-digit numbers. Data from the initial assessment and the shopping 
task were then used to compare accuracy and strategy use in the strategic counting task 
with that in the shopping task.  
3.6.1 Initial assessment analysis 
Quantitative data collected during the initial assessment were the children’s 
responses to four initial assessment tasks. The strategic counting task has been found 
to be a reliable indicator of children’s place value understanding (Chan et al., 2014). 
Results in this task showed the widest variation in accuracy results for the four initial 
assessment tasks. Results clustered around two accuracy levels. The first was at or near 
ceiling with a score ≥90% (group A, n= 4) while the second group scored 50-70%. 
(group B, n=5).  Quantitative results of the place representation task were compared 
with results for the strategic counting task. This was followed by a deductive analysis 
of the strategies used in the strategic counting task based on the strategy classification 
system of Chan et al. (2014). Children’s strategies in the strategic counting task were 
then compared between group A and group B, between 2- and 3-digit numbers, and 
between canonical and non-canonical questions.  
The deductive analysis of children’s strategies in the strategic counting task was 
based on six different counting strategies described by Chan et al., (2014) (discussed 
in section 2.1.3. 
1. count-all strategy – count each individual square, including those in 
groups of ten  
2. count-on strategy – begin by decade counting some tens, followed by 
counting-on each individual square, including those in remaining groups 
of ten  
3. sequence strategy – decade counting all the available tens, and then 
counting-on from the last decade number - e.g. 10, 20, 30, 40, 50,51, 52, 
53, 54  
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4. sequence-separate –  sequence and separate counting combined in the 
one count when counting a three-digit number e.g. 100,110,120, 1, 2, 3 
ones 
5. separate strategy - counting all the available tens first, followed by a 
separate count of the single squares. 
6. addition strategy - counting by working from left to right adding each 
column of squares to the previous total as it is encountered 
Examples of how each counting strategy could be used to count the displayed 
squares in a strategic counting task are summarised in Table 3.5.  
 
Table 3.5. Examples of Possible Counting Strategies for Question Three in the Strategic Counting 
Task. Target Number is 54 
Strategy Example (Q3) 
 
 
 
count-all 1, 2, 3, 4, …, 54 
count-on 10, 20, 21, 22, 23, 24, …, 54 
sequence 10, 20, 30, 40, 50, 51, 52, 53, 54 
separate 1, 2, 3, 4, 5 tens, 1, 2, 3, 4 ones 
addition 10, 20, 21, 31,41, 43, 44, 54 
 
3.6.2 Shopping task analysis 
The audio recordings of the shopping session were transcribed, and these 
transcriptions were used in conjunction with the observational notes to identify the 
strategies used. Strategy classification in the shopping task was based on the strategy 
classification used in the strategic counting task (Chan et al., 2014), with some slight 
modifications. The sequence-separate strategy was modified to mixed strategy, 
contained features of a sequence strategy and a separate strategy in the one response, 
and could be used with 2-digit numbers as well as 3-digit numbers. The grouping 
strategy was included to identify those children who regrouped non-canonical 
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configurations into appropriate collections of ten for counting. The ability to regroup 
is considered to indicate a high level of place value understanding (Chan et al., 2014; 
Price, 2001). No child in this study used the count-all, count-on or addition strategies 
in the shopping task. Each strategy was classified as either sequence, mixed or 
separate. Any of these three strategies could be combined with a grouping strategy. 
 
The following criteria were used to categorise each observed strategy.  Examples 
of the different strategy classifications are shown in Table 3.6. 
1. Sequence:  The sequence strategy is a continuous skip-counting strategy, working 
through from the largest denomination to the smallest denomination and skipping 
by the amount required for each denomination. A strategy was classified as a 
sequence strategy when the child used a counting-on strategy giving a running total 
as the notes were counted that went across the different denominations. e.g. 
(counting hundreds) 100, 200, (counting tens) 210, 220, 230, 240, 250, 260, 270, 
(counting ones) 271, 272, 273.  In a sequence strategy counting always began with 
the largest denomination. 
2. Separate: The separate strategy was composed of a separate counting subtask for 
each place in a place value number.  For a response to be classified as separate, a 
new count was commenced for each change in the denomination of the notes being 
counted.  A new count commenced with one, or with the minimum value of the 
denomination being counted (i.e 100 or 10). If two or more notes were counted at 
once (e.g. putting down 3 tens together and saying 30) it was considered to be a 
new count.  Decade counting the tens in a 2-digit number was not considered to be 
a separate strategy, as it met the criteria above for sequence counting beginning 
with the largest denomination.  
3. Mixed: A response in which part of the response could be classified as sequence 
and part of the response could be classified as separate. The order in which the 
strategies were used was not considered relevant for this classification. 
4. Grouping: A strategy of counting out ten notes of one denomination which was 
then included in a count of a larger denomination. For a strategy to be classified as 
a grouping strategy the counting of the group had to end with 10 or 20 (for 2 groups 
of ten) when counting $1’s and with 10 or 100 when counting $10’s. 
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Table 3.6. Examples of Strategy Classifications. The Notation System Used is Described in Appendix 
E. 
Strategy 2-digit  (76) 3-digit   (273) 
sequence [t] 10-70 [u]71-76 [h] 100, 200  [t] 210 - 270 [u] 271 
-273 
separate 
 
[t] 1,2,3,4,5,6,7 [u] 1,2,3,4,5,6 [h] 1, 2 [t] 1 - 7 [u] 1 -3 
 [h] 100, 200 [t] 10- 70 [u] 1-3 
mixed [t] 10,20,30,40,50,60,70 [u]1-6 [hh]200 [t]1 - 7 [u]271, 272, 273 
 
 
2 digit  (37 non-canonical) 3 digit (435 non-canonical) 
grouping* [t]10,20 [gu] 1-10 [u] 1-7 [h]100, 200, 300 [gt] 10 – 100, 
(400) [t]410, 420, 430 [u] 431-435 
*A grouping strategy could be combined with a sequence, mixed or separate strategy. 
To facilitate the deductive analysis of strategies and accommodate the variety of 
strategies used in the shopping task, a system of coding was developed to indicate both 
what the child said (obtained from the audio transcript) and what denomination note 
(or notes) the speech referred to (obtained from the observation notes). This coding 
captured the detail of children’s counting, but was sufficiently concise and systematic 
to allow children’s strategies to be browsed, searched and sorted in a database. 
Database sorts were then used to confirm that the coding of the shopping task 
responses was consistent. An example of the coding system and a brief description of 
the codes is shown in Table 3.7. The notation system used is fully described in 
Appendix E. 
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Table 3.7. Examples of Children’s Responses to Question Eight in Sessions Three and 
Four (Count to $435 with 3h  13t  5u ).  
 Strategy description Strategy code* 
Oliver Counted $100’s , counted a group of 
ten  $10’s  ,separately counted an 
additional 3 tens,  said 130 aloud 
referring to the $10’s already 
counted, separately counted five 
$1’s 
[h]1,2,3 [gt]1-10 [t]1,2,3 
(130) [u] 1-5 
Hazel Selected 3 hundred notes at once 
without counting, formed a group of 
ten tens by counting $10 two at a 
time, said 30 aloud followed by 
counting three $10’s tens, then 
separately counted five $1’s 
[hhh]300 [gtt] 2-10 [t] (30) 
1,2,3 [u]1-5 
Sofia Counted on three $100’s, separately 
counted-on ten $10’s to form a 
group, said 400 aloud referring to 
money already counted, counted-on 
three tens, counted-on five $1’s. 
[h]100, 200, 300 [gt] 10 
100, (400) [t]410, 420, 430 
[u] 431-435 
Thea Counted on three $100’s, counted-
on $10’s to $430 (no grouping) 
counted-on five $1’s 
[h]100, 200, 300 [t] 310-
430, [u] 431 -435 
* [h] count single hundred, [t] count single ten, [u]count single one; [gt] group ten tens [hhh] 
count 3 hundreds at once [gtt] group ten tens by counting the tens 2 at a time 
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3.6.3 Combined analysis of place value tasks 
The final analysis was a comparison of the analysed results of the strategic 
counting task with the analysed results of the shopping task. This made it possible to 
compare accuracy between the strategic counting task and the shopping task, as well 
as the strategies used in the two tasks. Strategy use in 2- and 3-digit questions, and in 
canonical and non-canonical configurations was compared between the two tasks in 
all possible combinations of the two variables as shown in Table 3.8  
 
Table 3.8. Place Value Variable Options 
 canonical non-canonical 
2-digit 2-digit canonical 
 
2-digit non-canonical 
3-digit 3-digit canonical 3-digit non-canonical 
 
3.6.4 Rational constructivist analysis 
A rational constructivist perspective was applied to the collected data. Many 
strategies have a rule-like structure that allows the strategy to be described in an if-
then form. In rational constructivism, rule type structures typically have one main 
inference associated with a high probability (or believability or likelihood) that the 
inference is correct, while any other concurrent inferences based on the same prior 
knowledge and available information have extremely small probability (likelihood) 
values (Goodman et al., 2008; Tenenbaum, 1999). This makes it possible to assume 
that the strategies children use are related to their inferences, and that changes in 
strategies are associated with changes in inferences. Strategy use during the shopping 
task activity was deductively analysed according to an if-then rule that is logically 
consistent with the strategy, as indicated in Table 3.9. Children’s strategies were 
deductively analysed and categorised, with the overall objective of identifying the 
inferences underlying children’s strategy use.  
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Table 3.9. Possible Strategies and Their Related Understanding 
Counting Strategy If-then rule / understanding Inference 
Numbered tens: one ten, two 
10’s, three 10’s  (Separate 
strategy) 
If there are a number of tens, they 
can be counted using cardinal 
counting 
Tens can be counted just like anything 
else 
Decade count…. 10,20,30 
(Sequence strategy) 
If there are tens, they can be 
counted using the decade count. 
(may not be aware that the 
difference between each decade is 
equal to ten)  
Decade counting is a special type of 
cardinal counting (10, 20, 30 instead of 
1, 2, 3) 
Decade counting is used for counting 
things that are named ten (e.g. $10 note, 
MAB ten-block, numbers in the ten’s 
column of a multidigit number) 
Digit count used for tens, 
followed by naming final 
decade (Separate strategy 
without place value 
understanding) 
If there are n tens in a count, then 
the count total is the decade count 
for that number (n-ty ten) 
Things that are named 10 can be counted 
(e.g. $10 note, MAB ten-block, numbers 
in the ten’s column of a multidigit 
number)  
Some decade numbers (20, 30, 50) have 
slightly different names from the n-ty 
rule  
Counting on from the last 
decade count by ones until 
the digit count is reached – 
10,20,30,31,32,32,34 
(Sequence counting) 
If you count tens, use decade 
counting.  
If you count ones, use cardinal 
counting.  
Different denominations are used for 
different types of counting 
Separate counting of tens 
and digits, followed by 
addition (either overt or 
implicit) 30 and 6, 36 
(Separate strategy with place 
value understanding) 
If a number is made up of tens and 
ones, the value of the number is 
equal to the sum of the value of the 
tens and the value of the single 
digits. 
The value of a number is obtained by 
adding the value of the tens and the value 
of the ones  
Counting by creating a 
group of ten  
(Grouping strategy)  
If there are more than ten items, 
grouping them into groups of ten is 
a better way to count them. 
Each digit in the tens column represents 
ten items.  
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3.7 CHAPTER SUMMARY 
This chapter discussed the rationale for a mixed method methodology and 
outlined the convergent parallel research design for the study, which consisted of two 
stages, the initial assessment stage and the shopping task stage. Ethical considerations 
were discussed along with the participant selection method and an overview of the 
participants. Quantitative and qualitative data collection and data analyses were 
described for both the initial assessment stage and the shopping task analysis stage of 
the study, and the analyses from both stages of the study were merged for final 
analysis.  This was followed by a final analysis which examined place value strategy 
use from the perspectives of Siegler’s overlapping waves theory and rational 
constructivism. 
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Chapter 4: Results 
The purpose of this study was to gain a better insight into Year 2 children’s 
understanding of place value by investigating their strategy use in place value activities 
in the context of a Siegler’s overlapping waves theory and a rational constructivist 
lens. The following research questions were used. 
1. How accurate are the answers obtained by Year 2 children when they are 
engaged in place value tasks?   
2. What strategies are used by Year 2 children engaged in place value tasks?  
3. How do Year 2 children’s strategies vary with different place value tasks 
and place value variables?  
Quantitative data about the accuracy of children’s answers and qualitative data 
about the strategies children used to obtain their answers were obtained from the initial 
assessment tasks and the shopping task. This chapter presents the results of the tasks 
used in the initial assessment (Section 4.1). This is followed by the presentation of 
combined results of the strategic counting task and the shopping task from three 
perspectives aligning with each of the research questions. Section 4.2 compares 
children’s accuracy in both place value tasks (research question 1). Section 4.3 
presents the strategies used by children in both tasks (research question 2) and Section 
4.4 presents differing task types and different variables (canonical /non-canonical and 
2-digit/3-digit) within and across tasks (research question 3). Section 4.5 concludes 
the chapter with a summary of the results.  
4.1  INITIAL ASSESSMENT 
There were four tasks in the initial assessment. Two of the initial assessment 
tasks, the part-whole task (Saxton & Cakir, 2006) and the counting-on task (Secada et 
al., 1983), were used to assess children’s understanding of the part-whole concept, a 
requisite understanding for place value. The remaining two initial assessment tasks, 
the place value representation task (Chan et al., 2014) and the strategic counting task 
(Chan et al., 2014), were used to assess place value understanding. In the place value 
representation task children used MAB blocks to represent numbers, and in the 
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strategic counting task children identified the numbers represented by diagrams of 
MAB blocks. Most children were at or near ceiling in the initial assessment tasks 
except for the strategic counting task, as summarised in Table 4.1 below.   
 
Table 4.1. 
Overall Summary of Performance on Initial Assessment Tasks as Percentage Correct. 
Child Part-whole 
8 items) 
Counting-on 
(6 items) 
Place value 
representation 
(8 items) 
Strategic 
counting 
(10 items) 
Lucy 88 100 100 100 
Oliver 100 100 100 100 
Emma 100 100 100 90 
Hazel 75 100 100 100 
Zoe 100 100 100 60 
Sophia 75 100 100 60 
Sally 100 100 100 60 
Thea 100 100 75 70 
Mia 100 83 100 50 
Max 75 50 100 10 
 
Part-whole task 
The part-whole task was used to determine if children recognised that when two 
smaller groups of wooden cubes were combined into a larger group, or when a larger 
group of cubes was divided into two smaller groups, the total number of cubes present 
did not change. In this task children were given one point if they did not need to recount 
the cubes after they had been rearranged. Three children did recount on some occasions 
when the cubes were rearranged. Results in other tasks suggested that this recounting 
may have been a compliant response to the repeated question “How many are there 
now?” rather than a lack of part-whole understanding. 
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Counting-on task 
The counting-on task required children to find the total number of dots present 
on two cards in two scenarios of three trials each. In both scenarios, the number of dots 
present on each card was displayed on an adjacent card in Arabic numerals (Figure 
3.2). In the first trial, only the dots on the second card remained visible and in second 
trial the dots on both cards remained visible. Five of the ten children (Sophia, Thea, 
Sally, Zoe, and Lucy) were correct for all questions and used a counting-on strategy, 
apparent by various combinations of counting-on aloud, silently mouthing a sequence 
of numbers, tracking the dots with eye movements and nodding their head for each 
counted dot, or touching each visible dot in sequence. Mia also used a counting-on 
strategy, but with one counting sequence error when counting-on six more than 12 (12, 
13, 16, 17, 18, 19, 20). Three children (Hazel, Oliver and Emma) often quickly gave 
the correct answer without using a counting strategy.  When asked about their strategy, 
these children often indicated that they used recall (“I just knew”). Hazel used an 
addition strategy that broke the addend into smaller components that were sequentially 
added, so that 15 + 7 became 15 + 3 + 3 + 1 with progressive totals of 18, 21 and 22.  
Emma’s answers were almost instantaneous. When asked how she found the answer 
to 16+ 8, she said “I went 16 plus 4 is 20, and 4 more makes 24.” This is an addition 
strategy based on finding the nearest decade number, referred to as “friendly numbers” 
which the class was learning at the time. Max was unable to use the information about 
how many dots were hidden as a starting point for counting-on to find the total number 
of dots on both cards. He was able to accurately use a count-all strategy to count all 
the visible dots but could not use available information about the number of dots as a 
starting point for counting-on. In the hidden addend questions his attempted strategy 
was to touch the turned over card where he guessed a dot might be, while saying the 
next number in the count sequence each time he touched the card. 
Place value representation task 
Nine of the ten children scored 100% for the place value representation task as 
shown in Table 4.1. In this task children were given one mark for each correct 
representation of a 2-digit Arabic number using MAB blocks, and one mark for each 
correct change to the representation, however three children used inefficient 
procedures for the two tasks that required adding a ten-block to change the represented 
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number to a different number (i.e. change 11 to 21 and change 14 to 24). Thea used a 
three-step process of removing all the one-blocks, adding a ten-block, and then adding 
the required number of one-blocks, which was equivalent to recounting the blocks 
rather than changing the representation. Max (on both trials) and Zoe (on one trial) 
initially added ten one-blocks instead of a single ten-block and then quickly self-
corrected by replacing the ten one-blocks with a ten-block. 
Strategic counting task 
In the strategic counting task children were asked to determine what number was 
represented by diagrams representing MAB blocks. These diagrams included two 
canonical and three non-canonical configurations for both 2- and 3-digit numbers for 
a total of ten questions (as shown in Appendix C), and children received a score of one 
for each correct answer. The results in the strategic counting task showed the widest 
variation of the four initial assessment tasks, and clustered around two accuracy levels. 
Children in Group A children (n = 4) were at or near ceiling and scored ≥90% and 
Group B children (n = 5) scored 50-70%.  The tenth child (Max) answered only one 
question in this task correctly and the assessment was discontinued when four 
consecutive questions were answered incorrectly. To give a more representative view 
of the performance of the other children, Max’s results have not been included in the 
following charts and tables. The accuracy and strategy use of these two groups was 
then compared across both the strategic counting task and the shopping task, in all 
possible combinations of 2-digit and 3-digit numbers with canonical and non-
canonical configurations. Children’s names are in the same order in all charts and 
tables, with children in Group A at the top of tables and to the left in charts. 
4.2 ACCURACY ON PLACE VALUE TASKS 
Children’s accuracy on place value tasks was compared both across the strategic 
counting task in the initial assessment, and the shopping task. Both tasks had an equal 
mix of 2-digit and 3-digit questions, in canonical and non-canonical configurations. In 
the shopping task each child was given an option of a second attempt if their first 
attempt was wrong. Each correctly answered question was given a score of two points 
if it was correctly answered on the first attempt, and one point if it was correctly 
answered on the second attempt. If a child declined the opportunity of making a second 
attempt after an incorrect answer they were given a score of zero points.  Occasionally 
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a child handed over the correct amount of money but made multiple counting errors 
while counting the money (see Box 4.1 for an example). The game rules explained to 
the children allowed them to purchase a store item when the correct money was handed 
to the shopkeeper, so students who made errors counting but presented the correct 
money were not asked to repeat the question, but were given a score of one.  
 
 
 
 
 
 
 
 
 
 
 
Box 4.1. Example of correct total of money reached through incorrect counting. 
 
4.2.1 Effect of task type on accuracy  
Children in group A were at or near ceiling in both the strategic counting task 
and the shopping task. Children in group B were all more accurate in the shopping task 
than in the strategic counting task, and Zoe and Sophia in group B both answered all 
the shopping task questions correctly. The difference in accuracy between the two 
tasks was greatest for Zoe and Sophia (strategic counting - 60%; shopping task - 100%) 
and least for Thea (strategic counting - 70%; shopping task - 88%).  Mia had the lowest 
result in both the strategic counting task (50%), and in the shopping task (86%). These 
results are shown in Figure 4.1. 
 
Mia Group B 
Target price: $435 
Available money:  3 x $100, 20 x $10, 10 x $1 (non-canonical) 
 
Mia counted $100 notes as she said “One, two, three.  Now I don’t know what to do. 
Umm.”   
 
She then counted out ten $10 notes, but didn’t know how to add them to the 
previously counted $300.  “1,2,3,4,5,6,7,8,9,10. So that is … (pause for 2 seconds) 
hundred and four. …. One hundred and four. One hundred and …. I went out to 
there. One hundred and four. Four dollars fifteen.” 
 
She then added 3 additional $10 notes while saying “One, one hundred and three, one 
hundred and forty, and finished counting using $1 notes while saying “One hundred 
and two, three, four. Done.”  (Done was said as the fifth $1 note was put down.) 
 
She then handed the shop keeper the correct money (3 $100’s, 13 $10’s, and 5 $1’s). 
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Figure 4.1. Comparison of accuracy in strategic counting and shopping tasks 
 
4.2.2 Canonical and non-canonical tasks 
Children in group A answered most or all questions correctly in the strategic 
counting task and the shopping task, with similar results for canonical and non-
canonical questions in both tasks. Children in group B were more accurate with 
canonical than non-canonical questions in the strategic counting task, however this 
difference between canonical and non-canonical results did not occur in the shopping 
task. Four children in group B answered all the canonical strategic counting questions 
correctly, and the fifth child, Mia, made one canonical error.  The best result among 
the children in group B in the non-canonical questions was by Thea, with 50% correct, 
while the remaining children in group B all scored 33%, as shown in Figure 4.2. In the 
shopping task there was less difference in accuracy between canonical and non-
canonical questions, where the largest different between canonical and non-canonical 
accuracy was by Sally, with 97% in the canonical questions and 86% in the non-
canonical questions as shown in Figure 4.3.  
A Lucy A Oliver A Emma A Hazel B Zoe B Sofia B Thea B Sally B Mia
Strategic counting 100% 100% 100% 100% 60% 60% 70% 60% 50%
Shopping 98% 100% 100% 97% 100% 100% 88% 92% 86%
0%
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80%
100%
Comparison of accuracy in strategic counting 
and shopping tasks
Strategic counting Shopping
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Figure 4.2. Strategic counting results for canonical and non-canonical questions 
 
 
Figure 4.3. Shopping task results for canonical and non-canonical questions 
 
4.2.3 Two- and three-digit numbers 
Thea and Mia in group B were more accurate with 2-digit numbers than with 3-
digit numbers in both the strategic counting task and the shopping task. For the 
remaining children there was very little difference in accuracy between 2-digit and 3-
digit accuracy in both the strategic counting task and the shopping task, as shown in 
Figure 4.4 and Figure 4.5. Both Thea and Mia were less accurate when working with 
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3-digit numbers.  Thea was not sure how to count hundreds, and tried to avoid them 
saying “I don’t know how to count hundreds. I only use tens.” Mia did not know how 
to name tens that were added to hundreds, and became confused when she tried to find 
names for 3-digit numbers aloud as shown in Box 4.4.   
 
 
Figure 4.4. Comparison of accuracy with 2-digit and 3-digit numbers in Strategic counting task 
 
Figure 4.5. Comparison of accuracy with 2-digit and 3-digit numbers in Shopping task 
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Box 4.2. Difficulty naming 3-digit numbers by Mia 
 
4.3 STRATEGIES USED IN PLACE VALUE TASKS 
The second research question was to identify the strategies used by Year 2 children in 
place value tasks.  The strategy classification system used in this study was based on 
Chan et al. (2014) as described in Section 2.1.3. Two modifications to this system were 
made (discussed in Section 3.6.2). The original sequence-separate strategy criteria of 
Chan et al. (2014) were relaxed to include all hybrid combinations of a sequence 
strategy and a separate strategy, and a grouping strategy was added. The mixed 
strategy theoretically could be applied to strategic task questions (both canonical and 
non-canonical), however in this study the mixed strategy was only used in some 
shopping task questions. No child in the current study used a count-all or count-on 
strategy. Most responses in both the strategic counting task and the shopping task were 
Mia (Group B): 
Q1:  Amount required: $137 canonical 
S “So one hundred and thirty-seven.” She started with hundreds and said  “So 
one hundred,   one hundred, thirteen hundred and one” while putting down 
three $100 notes. She then switched across to the ones and continued with a 
name accompanying each note. “Thirteen hundred and one, thirteen hundred 
and thirty-two, one hundred and forty-three, one hundred and forty-five, one 
hundred and thirty-five, one hundred and thirty-six, one hundred and thirty- 
seven.” Each of the last seven numbers was accompanied by putting down a $1 
note. Money given to Shopkeeper was (3H, 0 T, 7 U) 
 
Q2: Amount required $146 canonical 
S works quietly and builds a pile of money on the table made up of one $100 
note followed by four $10 notes.  
Researcher: “Try and say the numbers aloud if you can. How much have you 
got there?” 
S: “Four tens and one hundred.”  She then added $1 notes to the counted pile of 
money, trying to say a number as each single $1 was added to the pile. 
“Uummm… one hundred, one hundred and thir…” She then stopped and 
looked confused. 
S: “One hundred and…. I don’t know what I’m doing.” She looked back at the 
money already counted out and recounted it. “One hundred, three hundred and 
ten, three hundred and thirty, three hundred and forty, 341, 342, 344, 345, 
346.”  
 
Handed correct money to Shopkeeper: (1H, 4T, 6U).   
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either a sequence strategy or a separate strategy, and the combined use of these two 
strategies accounted for more than 92% of the accurate responses. The addition 
strategy was only used in the strategic counting task, and the mixed strategy was only 
used in the shopping task. Both these strategies were used infrequently, with the 
addition strategy accounting for 2.5% of strategic counting strategies, and the mixed 
strategy making up 7% of shopping task strategies. A grouping strategy was used with 
both sequence and separate strategies. 
The sequence strategy was used more frequently than the separate strategy, but 
this generalisation did not hold across the two groups of children. Children in group A 
were slightly more likely to use a separate strategy than a sequence strategy, while 
children in group B were more than three times as likely to use a sequence strategy as 
a separate strategy. Figure 4.6 shows the combined overall use of strategies in both the 
strategic counting task and the shopping tasks.  
 
 
Figure 4.6. Strategy use across all tasks. Totals for each group may not equal 100 due 
to rounding. 
 
A grouping strategy could only be used in non-canonical questions in the 
strategic counting task and the separate counting task.  Children in group A used a 
grouping strategy more frequently than children in group B (group A = 52% of possible 
grouping opportunities; group B = 18% of possible grouping opportunities).  
Groups A & B Group A Group B
Sequence 58.8% 43.5% 74.0%
Separate 43.5% 51.5% 21.5%
Other 4.8% 5.0% 4.5%
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In the strategic counting task questions three and five could be answered with an 
addition strategy. Although the addition strategy was used by five children, only Oliver 
in group A was able to use it correctly. Four children in group B attempted to use an 
addition strategy, and all made the same error of rounding the progressive total to a 
decade number when they added ten to the non-decade progressive total (e.g. 43 + 10 
= 50). 
While there was a broad pattern of a preference for a separate strategy for 
children in group A and a sequence strategy for children in group B, children’s strategy 
use could show considerable variability on similar tasks within a short period of time. 
Mia’s addition strategy error in question three in the strategic counting task (Table 4.2) 
suggested limited place value understanding as she did not realise that adding ten 
changed only the digit in the tens column. However two questions later she correctly 
answered question five using a grouping strategy that usually indicates good place 
value understanding.  
 
Table 4.2. Responses to Questions 3 and 5 in the Strategic Counting Task by Mia 
  
 
 
 
 
B Mia 10,20,21,30,40,43,50 
(addition - error) 
10,20, (1,2,3,4,5,6,7,8,9,10), 30, 33 
(grouping - correct) 
 
The current study found that the sequence strategy, mixed, separate and grouping 
strategies could be applied to both the strategic counting task and the shopping task, 
with a separate strategy used more often by children in group A and a sequence strategy 
used more often by children in group B. A grouping strategy was usually combined 
with a separate strategy, and children in group A used a grouping strategy 
approximately three times more frequently than group B children. 
Q3  
 
 
Q5  
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4.4 STRATEGY VARIABILITY WITH DIFFERENT TASKS AND TASK 
VARIABLES  
Research question three concerned the effect of different variables on children’s 
strategies in place value tasks. Variables in this study were the strategic counting task 
and the shopping task, (discussed in Section 4.4.1), canonical and non-canonical 
configurations (Section 4.4.2); and working with 2- and 3-digit numbers (Section 
4.3.3).  
4.4.1 Task type 
The strategic counting task and the shopping task differed in two main ways. In 
the strategic counting task children worked from a diagrammatic representation of a 
number to find the number represented, while in the shopping task children used play 
money to represent a number. The second difference related to the counting 
requirements of each task. In the strategic counting task children needed to calculate a 
running total of the number of squares in the diagram, as they could not physically 
rearrange the squares into a simpler configuration.  In the shopping task children could 
physically handle the money and break the task into smaller subtasks for each place 
value position. Children in group B maintained the same strategy preference in the 
strategic counting task and the shopping task, and used the sequence strategy for 
slightly more than 70% of the questions in both tasks. Children in group A had a 
different pattern of strategy use in the two tasks, as seen in a comparison of Figures 
4.4 and 4.5. Group A children used a separate strategy more frequently than a sequence 
strategy in both tasks, but they used a sequence strategy more often in the strategic 
counting task (sequence = 59%; separate = 36%), than they did in the shopping task 
(sequence = 28%; separate = 67%). The fourth child in group A, Lucy, was not 
consistent with this trend. She used the sequence and separate strategies equally in the 
strategic counting task, but in the shopping task she used a sequence strategy almost 
exclusively (96%).  
Children’s use of a grouping strategy in both group A and group B differed 
between the strategic counting task and the shopping task. Children in group A were 
more likely to use a grouping strategy than children in group B, and used a grouping 
strategy at almost every opportunity in the strategic counting task (88%), however they 
used a grouping strategy less often in the shopping task (52%). Closer inspection of 
individual strategy use revealed that most of reduced use of a grouping strategy in the 
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shopping task by group A occurred in only one of the four group A children. Lucy in 
group A did not use a grouping strategy in the shopping task at all, although she 
frequently used a grouping strategy in the strategic counting task. Children in group B 
used grouping strategy more often in the shopping task (18%) than they did in the 
strategic counting task (5%) (see Figures 4.7. and 4.8), particularly in the 3-digit 
shopping task. (discussed further in Section 4.4.3) 
 
 
Figure 4.7. Strategy use in strategic counting task 
 
 
Figure 4.8 Strategy use in the shopping task 
Sequence Addition Separate Grouping
Group A 59% 5% 36% 88%
Group B 77% 0% 23% 5%
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4.4.2 Canonical and non-canonical questions 
Strategy use with canonical and non-canonical questions was compared for both 
groups of children in both tasks. Non-canonical questions provided the children with 
an opportunity to use a grouping strategy. Both grouping strategy use and a separate 
strategy use are associated with better place value understanding (Chan et al., 2014), 
so it was expected that children who used a grouping strategy in non-canonical 
questions would usually combine it with a separate strategy or possibly a mixed 
strategy. This pattern did occur in the shopping task, where all instances of a grouping 
strategy were used in combination with either a separate strategy or a mixed strategy 
(group A: mixed = 9%; separate = 91%; group B: mixed = 36%, separate = 64%), and 
there were no instances of a grouping strategy combined with a sequence strategy. 
However in the strategic counting task, children in group A used a grouping strategy 
in combination with a sequence strategy three times more frequently than with a 
separate strategy (sequence = 75%; separate = 25%).   
The two groups of children varied in their approach to counting the play money. 
Children in group A usually broke the task down into separate subtasks for each place 
value column (see Box 4.3) and quickly noticed the non-canonical arrangements. 
Children in group B used a general strategy of sequence counting money as a single 
large task. They began counting the largest denomination, and switched to a smaller 
denomination when either (1) the required multidigit number was reached or (2) no 
more notes in the larger denomination were available. This sequence strategy was 
equally effective for both canonical and non-canonical arrangements and children 
using this strategy did not seem to be aware of any difference between canonical and 
non-canonical configurations. Question eight in the first two sessions was a non-
canonical question with a target price of $34, but only one ten dollar note was provided. 
All children in group A other than Lucy quickly realised a grouping strategy could be 
used, however all the children in group B patiently sequence counted the required 24 
single notes until the target price was reached. Children in group B did not appear to 
realise the significance or advantages of making separate counts for each place value 
position. 
Changes between strategy use between canonical and non-canonical questions 
only occurred in the strategic counting task and only with children in group A. As 
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already noted, group A children used a sequence strategy more frequently in the 
strategic counting task than they were in the shopping task. Children in group A were 
also more likely to use a sequence strategy to answer non-canonical questions 
(sequence strategy = 71%; separate strategy = 21%) than they were with canonical 
questions (sequence strategy = 44%; separate strategy = 56%) in the strategic counting 
task.  
 
 
 
Box 4.3. Two examples of breaking counting into subtasks for each place value column 
 
4.4.3 Two- and three-digit numbers 
The third place value task variable was the number of digits in each question. 
Year 2 children worked with 2-digit numbers the previous school year, and this was 
their first year of working with 3-digit numbers. It was expected that children would 
Hazel (Group A) 
Q 5 session 1 
Target Price: $48 (canonical) 
Provided notes   5 x $10; 20 x $1 
S: “Now what do I have?” counts out 4 tens. “So four…now I’m up to the 
eight. That’s forty. So then …(silently counts out four singles and pauses). 
S. I’ve got 4 tens, and then 4 ones, and then I’m going to add 1,2,3,4 
…finished” 
 
 
Oliver (Group A) 
Q 8 session 1 
Target Price: $34 (non-canonical) 
Provided notes   1 x $10; 20 x $1 
S: “Thirty-four. I hope there’s three tens.”  Checks provided money and sees 
there’s only one ten. “Aawww. That’s bad.” Counts out ten ones. 
“1,2,3,4,5,6,7,8,9,10. That’s twenty dollars.”  Continues counting ones “1,2,” 
Switches to counting ones two at a time “4, 6,8,10. That’s thirty. Now the 
four. 1,2,3,4. “ Says last four with a drawn-out final emphasis. 
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find 3-digit numbers more challenging to work with, and might vary their strategy use 
between 2-digit numbers and 3-digit numbers by choosing a simpler strategy (i.e. a 
sequence strategy rather than a separate strategy) more frequently for more difficult 
tasks such as 3-digit numbers.  
A surprising result in this study was an abrupt change in strategy use by Zoe and 
Sophia (both in group B) from a predominant use of sequence strategy for 2-digit 
numbers (≥ 75%) to a predominant use of a separate strategy (≥ 89%) for 3-digit 
numbers (compare Figures 4.9 and 4.10). Neither child used a separate strategy in the 
strategic counting task. This increased use of a separate strategy was accompanied by 
an increased use of a grouping strategy (Figure 4.11).  
 
 
Figure 4.9. Individual strategy use in the 2-digit shopping task 
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Figure 4.10. Strategy use in strategic counting task 
 
Figure 4.11. Individual grouping strategy use in shopping task 
 
Sophia’s shift from sequence strategy to separate strategy when she began using 
3-digit numbers seemed to be accompanied by the insight that the way she was using 
the sequence strategy was not going to give the correct answer.  In question four Sophia 
paused twice to reconsider how to get the answer, and she said “Maybe” twice as she 
counted the tens, suggesting she was unsure of the outcome of the new strategy (see 
Box 4.4). Her new strategy was made up of separate subtasks for each place value 
column.  Sophia continued to use a separate strategy for every subsequent 3-digit 
A Lucy
A
Oliver
A
Emma
A Hazel B Zoe B Sofia B Sally B Thea B Mia
Separate 0% 75% 100% 100% 89% 100% 0% 0% 5%
Mixed 0% 13% 0% 0% 6% 0% 0% 6% 29%
Sequence 100% 13% 0% 0% 6% 0% 100% 94% 67%
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A Lucy A Oliver
A
Emma
A Hazel B Zoe B Sofia B Thea A Sally B Mia
2-digit shopping 0% 70% 50% 100% 0% 0% 0% 0% 10%
3-digit shopping 0% 83% 67% 83% 50% 100% 0% 0% 67%
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Grouping strategy in shopping task
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question, and her separate strategy use was accompanied with grouping strategy use 
in non-canonical questions. 
  
Box 4.4. Sophia’s strategy changes with 3-digit numbers in the shopping task 
 
4.5 SUMMARY 
Children were divided into two groups based on their accuracy in the strategic 
counting task. Their observed accuracy and strategy use in two different place value 
Sophia (Group B) 
Q1 session 3 
Target Price: $131 (canonical) 
Provided notes   3 x $100; 4 x $10; $10 x $1 
S: Starts by putting single $100 down, then starts sequence counting with ones 
(ignoring the tens). “101,102,103,104,105,106,107, hundred and ….” She sees she is 
running out of $1 notes. Pauses. 
“Oohh, I know what I can do. I get it now.  Where’s that ten of mine. Ten, and then 
another ten, and then another ten…..see (there are now 3 tens with the hundred). And 
then seven. “1,2,3,4,5,6,7” reaches confidently for toy card. “I’ll take this one”.  
 
 
Sophia (Group B) 
Q 4 session 3 
Target Price: $161 (non-canonical) 
Provided notes   0 x $100; 20 x $10; $10 x $1 
Put two tens on the table and said “Wait, that only makes two (sic) dollars” (realising 
that she doesn’t have $100 notes). 
She put down more tens while sequence decade counting each ten.  “30, 40, 50, 60, 70, 
80, 90, 100”. The hundred was emphasised.  
She then counted out the ones. “1,2,3,4,5,6,7,8,9,10” and then paused for 4 seconds.  
“Aah, I get it now. Let’s sort it out.” Counts out some ones “1, 2, 3,  ….” Notices there 
still aren’t enough ones. Another pause for 6 seconds.  “Whh- a -a. -a. -t!   
Oh I get it now.  Maybe.” Leaves the ones and looks at the tens. “And then ….six”  She 
began counting tens “One, two, three, four, five, six. Maybe.” 
(quietly to self) “This is difficult” 
 “And now just one.” Puts down a single $1 note. Confident she had the correct answer 
she handed 16 tens and 1 one to the shopkeeper:) “I’ll take the horse. That was hard.” 
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tasks ( the strategic counting task and the shopping task), presented in both canonical 
and non-canonical configurations of 2- and 3-digit numbers can be summarised as 
follows:  
Accuracy 
Group A children were at or near ceiling in both tasks, while group B children 
were more accurate in shopping task than in strategic counting task. Group B children 
were more accurate with canonical questions than non-canonical questions in the 
strategic counting task, but were equally accurate with canonical and non-canonical 
questions in the shopping task. Two children in group B were less accurate with 3-
digit numbers than with 2-digit numbers, particularly in the strategic counting task. 
Place value strategies  
The main strategies observed were the sequence, mixed and separate strategies, 
and any of these strategies could be used in combination with a grouping strategy. 
The most frequently used strategies were the sequence strategy and the separate 
strategy. Children in group A children used a separate strategy (51.5%) slightly more 
often than a sequence strategy (43.5%) and group B children used a sequence 
strategy (74%) approximately three times more frequently than a separate strategy 
(21.5%). Children in group A used a grouping strategy approximately three times 
more frequently than children in group B.  
Strategy variability with task type and task variables 
Group A children used a separate strategy almost twice as often in the shopping 
task (67%) than in the strategic counting task (36%); while the highest incidence of 
grouping strategy use was in the strategic counting task (88% compared to 52% in 
the shopping task). This contrasted with children in group B, who had a similar 
distribution of sequence, separate and grouping strategy in both the shopping task 
and the strategic counting task. The change from 2-digit shopping tasks to 3-digit 
shopping tasks was accompanied by a shift to separate and grouping strategy use in 
the shopping task by two of the five children in group B. 
These results are discussed in the following chapter. 
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Chapter 5: Discussion 
The purpose of this study was to gain a better insight into Year 2 children’s 
understanding of place value by investigating their strategy use in place value activities 
in the context of a Siegler’s overlapping waves theory and a rational constructivist 
lens; using three research questions.  
1. How accurate are the answers obtained by Year 2 children when they are 
engaged in place value tasks?   
2. What strategies are used by Year 2 children engaged in place value tasks?  
3. How do Year 2 children’s strategies vary with different place value tasks 
and place value variables?  
In this concluding chapter the discussion of the results is divided into three major 
sections corresponding to the three research questions, and compares results across 
two accuracy level clusters found in the strategic counting task. Children in group A 
(n=4) scored ≥90% and children in group B (n=5) scored 50-70% in the strategic 
counting task, as described in Section 4.1. Data from the tenth child was not included 
in the study, as his score (10%) in the strategic counting task was not representative of 
either group. Section 5.1 discusses children’s accuracy in the MAB blocks task, the 
strategic counting task and the shopping task. (Section 5.1). Children’s strategy use in 
the strategic counting task and the shopping task are discussed in Section 5.2. The 
effect of the three variables of task type, canonical and non-canonical questions, and 
2- and 3-digit numbers on place value accuracy and strategy use is discussed in Section 
5.3. Section 5.4 is a theoretical discussion with an interpretation of these results in the 
context of Siegler’s overlapping waves theory (Section 5.4.1) and from a rational 
constructivist perspective (Section 5.4.2). Limitations of the study and future 
directions are discussed in Section 5.5, followed by the implications for practice 
(Section 5.6) and conclusions (Section 5.7). 
5.1 ACCURACY IN PLACE VALUE TASKS 
This study compared children’s accuracy in three different place value tasks (the place 
value representation task using MAB blocks, the strategic counting task and the 
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shopping task).  Children in group A made very few errors in the three place value 
assessment tasks, however the accuracy of children in group B varied across the tasks, 
with the lowest accuracy in the strategic counting task (average score for children in 
group B = 60%) and highest accuracy in the MAB blocks task (average score for 
children in group B = 95%). The average accuracy in the shopping task for children in 
group B was 93%. This figure is higher than the shopping task study of Martins-
Mourão and Cowan (1998) where the accuracy of 4, 5 and 6-year-olds in a shopping 
task improved from 45% to 65% over a three semester period (one assessment per 
semester). Three factors may have contributed to the difference in accuracy between 
the current study and the Martins-Mourão and Cowan (1998) study. Children in the 
Martins-Mourão and Cowan (1998) study were up to three years younger than the 7-
year olds in this study. Krebs et al., (2003) found that 6 and 7-year-olds could combine 
denominations in a shopping task accurately, while 5-year-olds had difficulty 
combining denominations. The Martins-Mourão and Cowan study five used different 
denominations (1, 5, 10, 100, and 1000) compared to the three denominations (1, 10, 
100) used in this study, and two questions in their study had answers above 1000 while 
largest answer in the current study was 435. Both these factors made the Martins-
Mourão and Cowan shopping task more difficult than the shopping task in this study. 
Accuracy for group B children was relatively low in the strategic counting task 
(mean = 60%) compared to the place value representation MAB blocks task (mean = 
95%) and the shopping task (mean = 93%). The strategic counting task and the MAB 
blocks task were both completed in the initial assessment session. It seems reasonable 
to assume that children’s place value understanding was fairly constant during the 
initial assessment, suggesting that accuracy in the strategic counting task required a 
higher level of place value understanding than the MAB blocks task. Children were 
familiar with MAB blocks, and may have used procedural knowledge rather than 
conceptual knowledge to answer the MAB block questions. Previous research has 
noted that place value assessment using MAB blocks to represent numbers may over-
estimate children’s place value understanding (Chan et al., 2014, Price, 2001; Rogers, 
2014; Ross, 1986). Cobb and Wheatley (1988) identified that Year 2 children could 
successfully complete many place value tasks with a relatively superficial 
understanding of place value by applying three simple procedural rules; (1) a verbal 
number pattern rule that “p-ty q” means p tens and q ones, (2) a written numeral pattern 
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that n tens is written as n followed by a zero, and (3) tens can be counted (without 
realising that each ten is composed of  ten single units). Cobb and Wheatley (1988) 
also found that children with this superficial level place value understanding are 
unsuccessful with place value tasks requiring regrouping, as they are unable to think 
of ten as a collection of ten ones. 
The strategic counting task included non-canonical questions. Children in group 
B were able to answer canonical questions accurately (mean = 95%)., but had difficulty 
with non-canonical questions (mean = 40%). This suggests that children in group B 
may have applied procedural rules rather than place value understanding to answer the 
strategic counting questions, and could not successfully apply this procedural 
knowledge to non-canonical questions. The wide range of accuracy results in non-
canonical strategic counting task questions seems to support Chan et al.’s (2014) 
rationale for including non-canonical questions when assessing place value 
understanding. 
In contrast to the non-canonical strategic counting task results, there was little 
difference between non-canonical and canonical accuracy scores in the shopping task 
(as shown in Figure 4.3). One possible explanation for the difference in non-canonical 
accuracy between the strategic counting task and the shopping task is the difference in 
presentation of non-canonical questions in each task. Non-canonical questions in the 
strategic counting task were specifically designed to require mental effort to identify 
groups of ten (Chan et al., 2014). In the shopping task non-canonical configurations 
could be avoided by using a sequence strategy to skip-count the amount represented 
by the denomination of the counted note. Money was presented to the children as a 
single bundle of notes with the largest denomination at the bottom and smallest 
denomination at the top. This meant that the only time the skip amount changed was 
when the note denomination changed, which occurred once in the 2-digit shopping 
tasks (from tens to ones) and twice in the 3-digit shopping task (hundreds to tens to 
ones). Children could use the change in note denomination as a cue for when to change 
from skip counting hundreds, tens or ones. This suggests that children may have been 
able to answer non-canonical questions in the shopping task correctly by applying 
procedural knowledge. A comparison between canonical and non-canonical accuracy 
was not possible in the studies of Krebs et al., (2003) and Martins-Mourão and Cowan 
(1998), as neither study included non-canonical questions.  
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The novelty of the strategic counting task may have contributed to the lower 
accuracy for non-canonical questions in the strategic counting task compared to the 
shopping task, as novelty precludes the use of rote learned procedures (Rittle-Johnson, 
et al., 2001). Non-canonical questions in the strategic counting task required children 
to work with groups of ten, targeting conceptual understanding of place value (Chan 
et al., 2014). Although many other researchers view procedural and conceptual 
learning as an interactive continuum rather than a dichotomy ( for a review see Rittle-
Johnson et al., 2015), task novelty is used as a criteria for an assessment task that 
requires conceptual understanding (Rittle-Johnson, et al., 2001). The shopping task 
may not have been as novel as the strategic counting task, as children may have had 
prior experience counting play money. Children were able to count ten dollar notes by 
decade counting, and for many children decade counting is initially a procedural skill 
rather than a conceptual awareness that each decade number is ten more than the 
preceding decade number (Cobb & Wheatley, 1988). Accuracy in non-canonical 
questions was influenced by the context of the questions, and seemed to be a reliable 
indicator of place value understanding in the strategic counting task but not in the 
shopping task.  
5.2 PLACE VALUE STRATEGIES 
In this study the strategies observed were the sequence, mixed, separate, addition 
and grouping strategies. This differs from the strategies found by Chan et al. (2014). 
As previously discussed, the mixed strategy is a modified version of Chan et al’s 
sequence-separate strategy, and this study also followed use of a grouping strategy. 
The count-all and count-on strategies were not observed in this study, and this may 
relate to the age of the participants. The Chan et al., study included kindergarten 
children (mean age = 5 years 11 months), and Year 1 children (mean age = 6 years 8 
months) and were younger than children in this study (mean age = 7 years 11 months).  
With experience gained over time, less advanced strategies are used less frequently 
and progressively replaced by more advanced strategies. (Siegler, 2006). Children in 
this study had probably found that one or more of the more advanced sequence, mixed 
and separate strategies required less effort to use than the less advanced count-on and 
count-all strategies, and so had discontinued using them. 
  
Chapter 5: Discussion 91 
5.2.1 Sequence, separate and grouping strategies 
Strategy use was a more reliable indicator of place value understanding than 
accuracy in place value tasks. Children who used the sequence strategy were able to 
answer non-canonical questions in in the shopping task accurately, but struggled with 
non-canonical questions in the strategic counting task. This finding suggests that 
sequence strategy use may have been based on procedural knowledge rather than 
conceptual place value understanding. 
Prior research has observed children’s separate strategy use (Chan et al., 2014) 
and grouping strategy use (Price, 2001). This current study observed both separate 
strategy use and grouping strategy use, and found that children who used a separate 
strategy frequently, also used a grouping strategy frequently. Oliver, Emma and Hazel 
in group A all used a grouping strategy for ≥75% of non-canonical questions, and these 
children were also the most frequent users of a separate strategy (≥81%).  Thea, Sally 
and Mia in group B did not use a separate strategy on any occasion in the shopping 
task, (their second strategy in the shopping task was a mixed strategy), and Mia was 
the only child to use a grouping strategy in the shopping task (31% of non-canonical 
questions, using a mixed strategy). These results suggest that children who are able to 
use a separate strategy are also able to use a grouping strategy, and both strategies may 
be reliable indicator of a high level of place value understanding. This supports Chan 
et al.’s (2014) finding that separate strategy use may be associated with higher place 
value understanding, and Price’s (2001) finding that grouping strategy is associated 
with higher levels of understanding. The results may also confirm a developmental 
sequence from sequence strategy use to separate strategy use in place value activities.  
5.2.2 Addition strategy 
Use of the addition strategy in the strategic counting task has been associated 
with a firmer understanding of place value (Chan et al. 2014), however only one child 
in this research (Oliver, group A) correctly used the addition strategy. Four of the five 
children in group B made a consistent error attempting to use the addition strategy. 
Table 5.1 shows that each of these children rounded the answer down to the nearest 
decade when they tried to add ten to a non-decade number (e.g. 16 plus 10 equals 20). 
Price (2001) noted a similar error to the addition strategy error when children made 
errors trading a larger block for ten smaller blocks. When trading a ten in an 
arrangement of tens and ones, some children traded the ten for the number of smaller 
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blocks required to bring the total number of single blocks to ten (e.g., a ten block in an 
arrangement of 5 tens and 8 ones was replaced with 2 ones, for a total of 4 tens and 10 
ones, instead of the correct 4 tens and 18 ones). The error of trading a ten-block for a 
number that is less than ten (Price, 2001), and the addition strategy error of rounding 
a non-decade number to a decade number in this study, may both indicate that these 
children have not developed the key insight that a single ten is equivalent to a 
composite of ten single ones.   
 
Table 5.1. Addition Errors in the Strategic Counting Task by Group B Children 
 
 
 
 
 
Sophia 10,20,21,30,40,41,42,43,50 
(addition error) 
10,11,12,13,14,15,16,20,22,24,23,26,27 
(addition error) 
Sally 10,20,21,40,43,50,60 (addition 
error) 
10,12,14,16,20,24,25                    
(addition error) 
Zoe 21,30,40,43,50 (addition 
error) 
10,11,12,13,14,15,16,20,21,22,23,24,25,
26,27 (addition error) 
Mia 10,20,21,30,40,43,50 (addition 
error) 
10,20, (1,2,3,4,5,6,7,8,9,10), 30, 33 
(grouping) 
 
Although the addition strategy error was the most prevalent strategic counting 
error in this study, Chan et al. (2014) did not report addition strategy errors. The 
difference in success rates when using the addition strategy may be attributable to the 
differences between the English and Chinese languages. Children in the Chan et al. 
(2014) study were all native Chinese speakers. There is a persuasive argument that the 
more transparent numbering system in Asian languages makes it easier for Chinese 
speaking children to understand place value (Miura, Okamoto, Chungsoon et al., 
1994). In Asian languages 26 is called “two ten six”. This more regular place value 
naming system may have helped students in the Chan et al. study avoid the addition 
strategy error. 
Q3  
 
 
Q5  
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5.3 PLACE VALUE VARIABLES 
This study found strategy choice varied with the different place value tasks of 
strategic counting and shopping task, and with 2- and 3-digit numbers. The effect of 
these two variables on strategy use is discussed in the two following sections. 
5.3.1 Strategic counting and shopping task 
Children in group B used the sequence strategy approximately three times more 
frequently than the separate strategy in both the strategic counting task and the 
shopping tasks. Strategy use by children in group A varied with task type. Children in 
group A used the sequence strategy most frequently in the strategic counting task 
(sequence = 59%, separate = 36%), but used the separate strategy most frequently in 
the shopping task (sequence =28%, separate = 67%). Task context has previously been 
found to influence strategy use. For example, Bjorklund and Rosenblum (2002) 
compared 6-year-old’s strategies when adding two numbers presented as a dice roll to 
those when the same sums were presented verbally. They found that 6-year-old 
children used a count-all strategy to find the combined value of two dice, and used a 
min strategy (counting-on from the largest of the two numbers) and fact retrieval more 
frequently than when they were verbally presented with addition problems of numbers 
in the same range. In the current study the frequency of sequence strategy by group A 
children shifted to more frequent use of the separate strategy for a similar range of 
numbers in the shopping task compared to the strategic counting task. 
The higher use of a sequence strategy rather than a separate strategy by children 
in group A in the strategic counting task suggests that these children may have 
identified that the separate strategy required more cognitive effort in the strategic 
counting task than in the shopping task. The strategic counting task was designed to 
be cognitively challenging, with non-canonical questions that required children to 
mentally rearrange the squares on the diagrams (Chan et al., 2014). This required more 
cognitive effort than the shopping task where the different denominations of notes 
could be physically manipulated and re-arranged. In the strategic counting task a 
separate counting strategy may have placed a higher load on working memory as it 
required a separate count for each place in the multidigit number, while the memory 
requirement for a sequence strategy was simplified to a single progressively 
accumulating total count.  
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Children in group A used a grouping strategy slightly more frequently in the 
strategic counting task than they did in the shopping task, however in the shopping 
task the grouping strategy was usually combined with a separate strategy, while in the 
strategic counting task the grouping strategy was usually combined with a sequence 
strategy (Section 4.4.2). This mix of a sequence strategy with a grouping strategy is 
surprising as frequent grouping strategy use is usually associated with advanced place 
value understanding, while frequent sequence strategy use is associated with less 
developed place value understanding. This variability in strategy use highlights the 
challenge of accurately assessing children’s place value understanding. Price (2001) 
and Ross (1986) both identified difficulties in identifying criteria to categorise 
children’s level of place value understanding, and Fuson et al. (1997) noted that 
children can appear to have different levels of place value understanding with different 
tasks and different occasions. In the current study Mia’s use of a grouping strategy in 
question five in the strategic counting task suggested an advanced understanding of 
place value that contrasted with her error using an addition strategy in two questions 
earlier. Her subsequent poor accuracy with 3-digit numbers in the strategic counting 
task and use of a sequence strategy without grouping in the 2-digit shopping task 
suggested less advanced place value understanding. Variability in strategy use has 
been found in several studies about young children’s mathematical learning. These 
include children’s early addition strategies (Siegler & Jenkins, 1989), equivalence 
studies (Alibabli, 1999) and the discovery of a shortcut strategy (Siegler & Stern, 
1998), as well as studies learning areas outside mathematics (see Siegler, 2006 for a 
review). The overlapping waves theory suggests learning is usually associated with 
variability in strategy use. This variability might contribute to the challenges of 
identifying a child’s level of place value understanding at a particular moment in time, 
as described by previous researchers (Fuson et al., 1997; Price, 2001; Ross, 1986).  
5.3.2 Two- and three-digit numbers 
Strategy use for children in group A was similar for 2- and 3-digit questions in 
both the strategic counting task and the shopping task, suggesting that group A children 
did not find 3-digit questions harder than 2-digit questions in either task. Children in 
group B used a separate strategy more frequently with 3-digit numbers than with 2-
digit numbers in the shopping task. A closer inspection of strategy use at an individual 
level indicated that most of the increase in separate strategy use occurred in two of the 
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five group B children. Separate strategy use by Zoe and Sophia went from ≤ 6% 
separate strategy use in the 2-digit question to ≥86% in 3-digit questions. Two aspects 
of this rapid change are interesting; the abruptness of the strategy change and the 
possibility that the change in strategy was accompanied by a similar change in place 
value understanding.  
Zoe and Sophia may have been able to use the separate strategy and grouping 
strategy in the 2-digit task but did not display it until they encountered 3-digit numbers. 
Another possibility is that the more transparent naming structure of hundreds (one 
hundred, two hundred, etc.) compared to tens (ten, twenty, thirty) may have made it 
easier for children to work with hundreds than tens. However, if the different naming 
system for the hundreds contributed to an increased use of a grouping strategy with 3-
digit numbers then a similar shift should be evident in all children. It is also possible 
that the co-occurrence of the strategy change with the change from 2- to 3-digit 
numbers may have been a spurious relationship and is not necessarily evidence that 
working with 3-digit numbers facilitated more advanced strategy use (Nestor & Schutt, 
2015). 
Zoe and Sophia’s increased use of a separate strategy in the 3-digit shopping task 
was accompanied by their first use of a grouping strategy. As the separate strategy and 
grouping strategy are both associated with a higher level of place value understanding 
than the sequence strategy, their increased use of a grouping strategy and separate 
strategy while working with 3-digit shopping task questions may have been 
accompanied by improved place value understanding. However, the development of 
place value understanding is generally recognised as a gradual process (Fuson et al., 
1997; Ross, 1986; Thomas, 2004), making it unlikely that the change in place value 
understanding was as abrupt as it appeared to be. One possibility is that children were 
learning while they participated in the first two shopping tasks, however this does not 
explain why the change in strategy use for Zoe and Sophia occurred abruptly between 
sessions two and three, and not between sessions one and two, or between sessions 
three and four.  Chan et al., (2014) found that young children could apply their place 
value understanding based on 2-digit numbers to 3-digit numbers without formal 
instruction, and concluded that 2-digit place value understanding provides a 
foundation for larger mulitidigit numbers. However Zoe and Sophia appeared to have 
better place value understanding when working the 3-digit numbers compared to 2-
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digit numbers, suggesting that it may not be necessary to ensure that children fully 
understand 2-digit numbers before they move on to 3-digit numbers. This viewpoint is 
discussed further in the rational constructivist interpretation of the results (Section 
5.4.2). 
5.4 THEORETICAL DISCUSSION 
Variability in children’s place value understanding is a recurring theme in place 
value literature. Ross (1986) noted that children’s place value understanding often did 
not neatly fit into a particular category level of understanding. Fuson et al. (1997) 
identified different place value conceptions held by children learning about place 
value, and observed that children’s conceptions varied with both task and time, and 
that multiple conceptions could co-exist in the one child. Price (2001) adopted an 
approach of classifying children’s place value based on their responses to over 45 
different tasks and found that most participants gave two or three different types of 
responses during a single interview. This variability in learning is a feature in both 
Siegler’s overlapping waves theory (1996) and in rational constructivism (Gopnik & 
Wellman, 2012). The overlapping waves theory concerns the variability of the 
strategies used to problem solve, while rational constructivism concerns the variability 
of the inferences made while learning.  Results are discussed in the context of Siegler’s 
overlapping waves theory (Siegler, 1996) in section 5.4.1, and from the perspective of 
rational constructivism in section 5.4.2 
5.4.1 Siegler’s overlapping waves theory 
The overlapping waves theory (Section 2.2.1) explicitly recognises that for any 
given problem children have a variety of co-existing strategies, and that some 
strategies are used more frequently than others. Learning is associated with a change 
in the relative frequency of strategy use, along with the acquisition of more advanced 
strategies and the progressive retirement of less advanced strategies. Change in 
strategy use is typically a gradual shift from less advanced strategy use to more 
advanced strategy use rather than an immediate substitution of a less advanced strategy 
by a more advanced strategy (Siegler, 2006). 
The strategies observed in place value activities were the sequence, mixed, 
separate and grouping strategies. Oliver, Emma and Hazel in group A and Zoe and 
Sophia in group B each used all four of these strategies during the study. No child used 
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the less advanced count-all and count-on strategies (as defined by Chan et al., 2014) 
in either the strategic counting task or the shopping task, suggesting that children had 
shifted from the less efficient count-on and count-all strategies to more advanced 
sequence and separate strategies. Chan et al. (2014) found that count-on and count-all 
strategies were used more frequently by kindergarten children (mean age = 5 years 11 
months) than Year 1 children (mean age = 6 years 8 months). Children in this study 
were in Year 2 (mean age = 7 years 11 months), suggesting that they found the 
sequence and separate strategies more useful than the count-on and count-all strategies. 
The separate strategy appeared to be a more advanced strategy than the sequence 
strategy, as children who used the separate strategy also used the grouping strategy 
more frequently, and grouping strategy use is associated with higher place value 
understanding. 
Frequency of strategy use also varied with task type (the separate strategy was 
used more often in the shopping task) and with the number of digits in the questions 
(separate strategy was used more frequently in 3-digit questions in the shopping task). 
An assumption of the overlapping waves theory is that strategy choice is determined 
by finding an optimal balance between effort of use and anticipated effectiveness in 
achieving the desired outcome (Siegler, 2005). A separate strategy was used more 
frequently in the shopping task, particularly with 3-digit numbers, suggesting that there 
may have been features of 3-digit shopping tasks that made a separate strategy more 
useful than a sequence strategy for some children. The shopping task may have 
facilitated separate strategy use because the play money could be physically 
manipulated into separate groups for each denomination. The added complexity of 3-
digit numbers compared to 2-digit numbers may have facilitated breaking the task 
down into subtasks, which could be more effectively managed with a separate strategy 
than a sequence strategy. 
The rapid adoption of a separate strategy by Zoe and Sophia in the 3-digit 
shopping task contrasts against the gradual change in the relative frequency of different 
strategies usually associated with overlapping waves theory. Strategy uptake refers to 
the amount of time before a newly discovered strategy is frequently used (Siegler, 
2006). Strategy uptake is usually gradual, but may be more rapid for strategies that 
allow greater advantages in accuracy and ease of use than previously used strategies. 
Rapid uptake of a new strategy occurred in a minority cluster of 24% of children (n = 
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117) solving mathematical equivalence problems (Alibali, 1999), and up to 37% of 
children showed an abrupt strategy change in other strategy change studies (see Siegler 
(2006) for an overview), however the reason for differences between individuals in 
strategy uptake rates is not clear (Siegler, 2006). A rational constructivist perspective 
on this type of strategy change is offered in Section 5.4.2  
5.4.2 Rational Constructivism 
Rational constructivist learning research attempts to identify the inferences 
children make while they are learning along with the factors that influence inference 
making.  An example is the investigation by Bonawitz, Shafto, Gweon, Goodman, et 
al.,. (2011) into the effects of teaching on exploration and play in preschoolers (n = 
85). Another study with pre-schoolers (n = 64) found that they could make rapid and 
accurate inferences from small amounts of data (Schulz, Goodman, Tenenbaum & 
Jenkins, 2008). The rationale for this study was based on an assumed relationship 
between place value strategies and place value inferences. The rational constructivist 
framework posits that children’s place value understanding changes as their inferences 
about place value change. Children’s place value strategies also change as their place 
value understanding changes (Chan et al., 2014), suggesting a possible relationship 
between children’s place strategy use and their place value inferences that is mediated 
by their place value understanding. A list of 15 possible inferences children might 
make that would be consistent with each of the place value strategies used in this study 
is shown in Table 5.2. Inference number ten is the only incorrect inference on the list, 
and it probably contributed to children’s addition strategy error (section 5.2.2). 
Significantly, while the other 14 inferences are correct, only seven (those shown in 
italics) of the 14 correct inferences described apply to place value understanding. The 
sequence strategy, separate strategy, and addition strategy can all be successfully used 
by applying inference rules that are accurate, but they do not address the ten-to-one 
relationship that is fundamental to place value understanding. The grouping strategy 
is the only strategy where all the inferences require this ten-to-one place value 
understanding, although there may be other inferences relating to a grouping strategy 
that are not included in this list. Children can generate inferences that will consistently 
let them get accurate results in place value tasks, but for place value understanding 
they need to make and identify the inferences that are relevant for place value 
understanding.   
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Table 5.2. Place Value Strategies and Their Possible Inference Rules. 
               * inferences in italics are those required for place value understanding.  
Strategy Possible inference rule* 
sequence 1. Decade counting is a special type of cardinal counting (you say 10, 
20, 30, instead of 1, 2, 3) 
2. Decade counting is used for counting things that are named ten 
e.g. $10 note, MAB ten-block, numbers in the tens column of a 
multidigit number. 
3. Decade counting is used for 2-digit number because you start with 
the ones on the left first. 
4. Decade counting is an effective way of counting groups of ten, 
because each decade number is 10 more than the one before it. 
 
separate 5. Tens go in the tens place (on the left of a 2-digit number) and ones 
go in the ones place (on the right).  
6. To say the name for an Arabic two-digit number use the p-ty q 
rule.  (i.e. 66 is six-ty-six, 76 is seven-ty-six)   
7. The value of the tens in a number is the tens number with a zero 
after it.  
8. The value of the tens in a number is ten times the value of the tens 
digit 
9. The value of a number is the combined value of the tens column 
and the ones column. 
addition  10. Adding ten is the same as decade counting so the last number 
always ends with zero.  
11. When you add ten the number in the ones column stays the 
same 
12. When you add ten the value of the number will increase by ten   
 
grouping  13. Ten represents ten things 
14. One ten represents one collection of ten things 
15. Collections of ten can be counted  
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Learning can occur more rapidly when higher order inferences are made (Gopnik 
& Wellman, 2012; Kushnir & Gopnik, 2005, Tenenbaum et al., 2011) (discussed in 
Section 2.2.2). Higher order inferences are generalisations about two or more lower-
order inferences. In place value, the inference that there are ten ones in a ten, and the 
inference that there are ten tens in a hundred are both first-order inferences. The place 
value understanding that there is ten-to-one relationship between all adjacent digits in 
a multidigit number is a higher order generalisation. 
From a rational constructivist perspective Sophia and Zoe’s rapid uptake of the 
separate strategy in the 3-digit shopping task may have occurred because the 3-digit 
activities facilitated the higher-order generalisation that there is a consistent ten-to-one 
relationship between adjacent numbers in a multidigit number. In activities limited to 
2-digit numbers there is only one ten-to-one relationship to observe, and this is not 
enough information for making a higher order generalisation. In a 3-digit number the 
additional ten-to-one relationship between the hundreds and the tens allows two sets 
of ten-to-one relationships to be observed. There is empirical evidence (Xu et al., 
2009), and theoretical support (Tenenbaum, 1999; Xu, 2008, Xu & Tenenbaum, 2007) 
indicating that generalisations become increasingly accurate after three examples. This 
suggests that experience with 4-digit numbers might be optimal for developing place 
value understanding. There is some research support for the effectiveness of 
introducing children to 4-digit numbers early in their place value learning. Fuson and 
Briars (1990) found that when Year 2 children (n = 75) were progressed to 4-digit 
addition and subtraction after a brief initial training period with 2-digit numbers they 
developed place value understanding equivalent to that of Year 3 children in ten weeks 
or less. 
5.5 LIMITATIONS AND FUTURE DIRECTIONS 
This study combined accuracy data and detailed observations of children’s 
strategy use in place value activities to assess their understanding of place value. Some 
limitations of this study are noted here. Children were assigned to two different groups 
based on their accuracy in the strategic counting task in the initial assessment, however 
results in one task on one day may not have been representative of each child’s place 
value understanding. Place value understanding in any individual child is known to be 
variable, both across tasks, and on different occasions in the same task (Fuson et al., 
1997; Price, 2001). Children’s strategy use was determined by an analysis of 
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qualitative data which included the researcher’s observational notes and an audio 
recording. There was a wide range of children’s responses and, at times, the strategies 
were difficult to classify, introducing the possibility that some ambiguous strategies 
were incorrectly classified. A clearly defined strategy classification system was 
developed to facilitate consistent strategy classifications (Section 3.5.2), however the 
researcher was the only person to classify the strategies, and there was no validation 
of the strategy classification by a second observer. Other limitations concern the 
participant selection method and sample size. All the study participants were self-
selected by responding to a request for volunteers, and all came from the one 
classroom. This selection method may have introduced a sample bias (Nestor & Schutt, 
2015). Finally the small number of participants (n = 9) does not allow generalisations 
from this study. 
Accuracy data and strategy use observations were compared between the 
strategic counting task and the shopping task. Both tasks contained a mix of 2- and 3-
digit questions, in canonical and non-canonical configurations, however there were ten 
questions in the strategic counting task compared with a total of 32 questions across 
the four sessions of shopping task. A future study with an equal number of questions 
in the strategic counting task and the shopping task would allow better comparisons of 
strategy use between the two tasks. Other place value representations could be 
compared with both these tasks, including those generated by computer software. 
Further research could include 4-digit tasks as well as 3-digit tasks, and a greater 
variety of place value understanding assessment tasks.   
The rapid uptake of a separate strategy by two children when working with 3-
digit shopping task questions could indicate that working with 3-digit numbers in the 
shopping task may facilitate the adoption of a grouping strategy and improve place 
value understanding. This study did not directly confirm whether the children who 
changed to a separate strategy use had better place value understanding. Further 
investigation is needed to find out what factors encourage the use of separate and 
grouping strategies. A future study could try to confirm the relationship between 
strategy use and place value understanding by assessing place value understanding 
following strategy change to a consistent separate strategy use. 
Future research with a more specific rational constructivist perspective could 
investigate the inferences associated with place value learning and changes in place 
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value understanding. Such a study might consider how children’s inferences might be 
constrained or facilitated. The effect of children self-reporting their inferences could 
also be investigated. Further suggestions for the design of rational constructivist 
studies may come from cognitive science studies with preschool children.  
5.6 IMPLICATIONS FOR PRACTICE 
This study confirmed that children with better place value understanding were 
more likely to use a separate strategy and a grouping strategy in place value activities. 
There was evidence that use of these two strategies was a more reliable indicator of 
place value understanding than accuracy in many place value tasks. Place value 
activities that encourage the use of a separate and grouping strategies are 
recommended. These activities could include counting non-canonical collections. 
Activities with 3-digit numbers may be more effective than those with 2-digit numbers 
for facilitating separate strategy use.  
Children used different place value strategies in different activities suggesting 
that children are likely to benefit from a range of place value activities working with 
different of representations. This range of representations could include paper play 
money which requires children to engage in the symbolic Arabic representation of the 
number. Children were very engaged in the shopping task and enjoyed having 
hundreds of dollars for shopping.  
The strategic counting tool (Chan et al, 2014) is recommended as a classroom 
screening tool for place value understanding, as accuracy in this task was consistent 
with better place value understanding in this study. This assessment would allow 
targeted observation and guidance of the strategy use of those children identified with 
poor place value understanding.  
5.7 CONCLUSIONS 
The theoretical framework in this study was based on the overlapping waves 
theory (Siegler, 1996), from mathematical education research and on rational 
constructivism from cognitive science ((Xu & Kusnhir, 2012). This composite 
framework suggested an approach that focused on the variety of strategy use in place 
value tasks, by investigating how strategy use varies with different task types and with 
the task variables of canonical /non-canonical and 2-digit/3-digit questions. Four main 
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place value strategies were observed. The sequence, mixed and separate strategies 
were a developmental sequence, and any of these strategies could be combined with a 
grouping strategy. All children in the study used at least two strategies. All four 
strategies co-existed in three of the four children in the group A with better place value 
understanding, and in two of the five children in the group B with less place value 
understanding. Children with a better understanding of place value used the separate 
strategy more frequently than a sequence strategy, and used a grouping strategy more 
frequently than children with lower levels of place value understanding.  
Accuracy scores in the strategic counting task were consistent with place value 
understanding levels, while accuracy in the shopping task and in the place value 
representation task with MAB blocks both over-estimated place value understanding. 
Two children changed abruptly from a sequence strategy to a separate strategy when 
shifting from 2-digit numbers to 3-digit numbers in the shopping task, suggesting that 
these children may have had a better understanding of place value while working with 
3-digit numbers. The study found that strategy use allows a more reliable assessment 
of place value understanding than accuracy in place value activities. While this study 
was too small to make generalisations from the results, it has confirmed that a focus 
on children’s strategy use and the rational constructivist approach may contribute to 
the body of knowledge on how children develop place value understanding.  
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Appendix E 
Strategy notation system 
To accommodate the variety of strategies used in the shopping task a system of 
coding was developed to indicate both what the child said and what denomination note 
(or notes) was being referred to while speaking. 
The following guidelines were used in the coding system 
1. The letters [h], [t] and [u] were used to refer to the denominations of hundred, 
ten and one (unit) respectively. The letter o was avoided because of its visual 
similarity to zero. 
2. All numbers following a letter applied to the denomination represented by 
the letter e.g. $30 could be counted using a decade sequence strategy, coded 
as   [t] 10, 20, 30,  or by a separate counting strategy [t] 1, 2, 3.   
3. In correctly counted sequences of more than 3 numbers only the first, and 
last numbers in the sequence were used, and the omitted numbers were 
indicated by a dash  e.g. [t] 10, 20 ,30, 40, 50, 60, 70 was condensed to [t]10 
– 70.  
4. A change in note denomination was indicated by a change in letter e.g.  
sequence strategy count to 76 using seven $10’s and six $1’s was coded as 
[t] 10 - 70 [u] 71 - 76, while a separate strategy count to 76 was coded as [t] 
1 - 7  [u] 1 – 6. 
5. The number of letters enclosed in brackets represented the number of notes 
being counted e.g. counting out 6 single notes two at a time was coded as 
[uu] 2, 4, 6  and counting to $60 using two $10’s at a time was indicated by 
[tt] e.g.  [tt] 20, 40, 60 or  [tt] 2, 4, 6 depending on the counting strategy 
used.  
6. Counting smaller denomination notes into an equivalent larger denomination 
group was indicated by the prefix g before the denomination letter, and all 
previously described conventions still applied . A group of ten $1 notes 
counted out one at a time was coded as [gu] 1 – 10. If the notes were counted 
out in two’s it was coded as [guu] 2 -10.  Counting to $10 using ten $1’s or 
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to $100 using ten $10’s was not considered a grouping strategy if the 
counting sequence immediately continued on beyond 10 or 100 e.g.[t] 10 – 
160.  
7. Words were used instead of Arabic numerals when the child was unable to 
correctly name the intended number e.g. Mia said ten hundred, twenty 
hundred, thirty hundred when trying to add $10 notes to a previously counted 
collection of $300.  
8. A number was enclosed in parentheses if it was said by the child to keep 
track of where the counting was up to, but was not accompanied by handling 
additional money e.g. [gt] 10—100 (400) indicated that the child counted out 
ten $10’s using decade counting, and then said 400 (the total of the just 
counted group plus the previously counted $300) without changing the 
amount of money being referred to. 
9. A denomination code without a following number was used if the child did 
not count aloud while handling the notes e.g. [tt][uu] indicated that the child 
silently handed the shopkeeper two $10’s and two $1’s. 
 
